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1. INTRODUCTION

Note. In graduate Real Analysis 1 (MATH 5210), we follow Roy-
den’s definition of outer measure of a set of real numbers E as

u'(E) = inf {Zm)

k=1

E C Uy 1y, and each [Ij is an open interval} :

where ¢(I) denotes the length of interval I. In this way, the outer
measure of every set is defined since every set off nonnegative real

numbers has an infemum. HEY it’s part of the definition of R!

Note. We can then show that p* is:
(1) translation invariant (p*(E + x) = p*(E) for all x € R),
(2) monotone (A C B implies u*(A) < u*(B)),

(3) the outer measure of an interval is its length: p*(1) = £(1) for
all intervals I C R, and

(4) countably subadditive

o (U Ek:) <> W (ER).
b1 b1



Note. We want countable additivity:

" (U Ek> = ZM*(Ek:) when E; N E; = () for i # j.
k=1

k=1
To this end, the Carathéodory Condition or the splitting condition

on set A is introduced:
p(X)=p (XNA) +p (X \A) forall X C R.

Royden then defines a set A to be Lebesgue measurable if it satisfies

the splitting condition and defines its Lebesgue measure as p*(A).

Note. It can be shown that Lebesgue measure is countably additive
and that the Lebesgue measurable sets M form a o-algebra (i.e., a
collection of sets closed under countable unions and complements).
Hence, the Borel sets (the g-algebra generated by open intervals) are

measurable.

Note. However, it is unclear as to why the splitting condition is
the desired condition to yield the property of measurability. In this
presentation, we give an alternate definition of measurability which is

more natural but, ultimately, equivalent to the definition of Royden.



2. F, and Gj Sets

Definition. A set A of subsets of some point set X is a o-algebra
(or a Borel field) if

(1) if Ay, Ay, A, -+ - € Athen UXA; € A,
(2) if Ae Athen X\ A= A€ A and

(3) if Ay, Ay, As,--- € A then ﬂé’ilAi e A

Note. By DeMorgan’s Laws, part (3) of the above definition is
redundant. We can simplify the definition to: “A o-algebra is a

collection of sets closed under countable unions and complements.”

Theorem 2.1. Given any collection of sets C of subsets of point set
X, there is a smallest o-algebra that contains C. That is, there is a

o-algebra A containing C such that if B is any o-algebra containing

C, then A C B.

Proof. This is a homework problem in Real Analysis 1. The con-
struction of A involves intersecting all algebras which contains C.

Definition. The collection B of Borel sets is the smallest o-algebra

containing which contains all of the open sets.
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Note. The idea of generating a o-algebra is used in Royden’s study

of Lebesgue measurable sets and follows this outline:
(1) The open sets are measurable,

(2) If Ay, Ao, As, -+ are measurable, then U2, A; is measurable,

and
(3) If A is measurable, then A¢ is measurable.

(2) and (3) together imply that the measurable sets form a o-algebra.

(1) then implies that the Borel sets are measurable.

Note. Part of my interest lies in trying to find out what a set of
real numbers “looks like.” For example, we know that an open set
of real numbers is a countable, disjoint union of open intervals. To
this end, we define certain classes of sets. Think of the open sets as a
starting point. We know that a countable union of open sets is open
and a finite intersection of open sets is open. So to create a new
collection of sets based on open sets, we could explore what results
from a countable intersection of open sets (and, similarly, countable

unions of closed sets).

Definition. A set which is a countable intersection of open sets is a

G's-set. A set which is a countable union of closed sets is an F,-set.



Note. One explanation for the above notation, is the following (this
is Wikipedia’s current [Fall 2008] story). In German, G if for Gebiet
(“area”) and ¢ is for Durchschnitt (“intersection”). In French, F' is

for fermé (“closed”) and o is for somme (“union”).

Note. By DeMorgan’s Laws, we see that the complement of a Gs-set
is an Fy-set (and conversely). Since every open interval is a countable
union of closed sets
o0
1 1
a,b) = a+—,b——|,
= |or oy

we see that every open set is F), (and so every closed set is Gy).

Notice. We can, in a sense, say what a Gg-set “looks like”—it is a

countable intersection of countable unions of open intervals!

Note. Next, we introduce another “layer” of sets by considering

countable unions and intersections again.

Definition. A set which is a countable union of G sets is a Gs,-set.

A set which is a countable intersection of Fj,-sets is an F,5-set.



Note. Continuing in this fashion, alternating countable intersections

and countable unions, we generate the following classes of sets:
Gs, Goos Goos, Goooay - - -

FmFaé;FaémFaéaéa- .

Since the “G chain” is based on open sets and the “F' chain” is
based on closed sets, we see that all of these types of sets are in the

o-algebra generated by the open sets—that is, they are all Borel sets.

Note. Tangible applications of some of the “low order” Borel sets

include the following two problems from Royden:

2.7.53. Let f be a real-valued function defined for all real numbers.

Then the set of points at which f is continuous is a Gs-set.

2.7.54. Let (f,) be a sequence of continuous functions defined on
R. Then the set C' of points where this sequence converges is an
F.s set and the set of points where this sequence diverges is a

G'so-set.

Note. One can show (I am not that one...yet!) that there are
Borel sets which are neither in the G chain nor in the F' chain. So,
although we know what the GG chain sets and the F' chain sets look

like, we still don’t have a grasp on what the Borel sets look like!



Note. We adopt a notation consistent with the assumption of the
Continuum Hypothesis: |P(R)| = Ny. According to Corollary 4.5.3
of Iner Rana’s An Introduction to Measure and Integration (2nd
Edition, A.M.S. Graduate Studies in Mathematics, Volume 45, 2002),
the cardinality of the Borel sets is |B| = ¢, the cardinality of the
continuum. But then, under the Continuum Hypothesis, |B| = Y.

So, with regard to P(R), “very few” sets are Borel sets.

Note. We see in Real Analysis 1 that there are |[P(R)| = Ny mea-
surable sets (in fact, we can take the power set of the Cantor set
and see that there are this many sets of measure 0). There are also
IR(R)| = Ny nonmeasurable sets (by taking a nonmeasurable set
from [1, 2] and unioning it with each of the measurable subsets of the

Cantor set). Therefore “very few” measurable sets are Borel sets.



3. Outer and Inner Measure

Note. The following notes, definitions, and notation are based

largely on Real Analysis by A.M. Bruckner, J.B. Bruckner, and B.S.
Thomson, Prentice Hall 1997.

Definition. For any open interval I = (a,b), define A\(I) = b — a.

Recall. A set of real numbers G is open if and only if it is a countable

disjoint union of open intervals:
G =Up I where ;NI =0if j #k

where each [j is an open interval.

Definition. For the above open set of real numbers G = U2, I,
define

AG) = i M),
k=1

If one of the I; is unbounded, define A(G) = oo and if G = () define
ANG) = 0.

Definition. Let E be a bounded closed set with a = glb(F) and
b = lub(F) (that is, [a, b] is the smallest closed interval containing
FE). Define

AME)=b—a— X\(a,b)\ E).
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Notice. If F is closed, then (a,b) \ E = (a,b) N E° is open. Also,

we get by rearranging:

AME)+ A(a,b) \ E) =b—a.

Note. We have A defined on any open set or any closed and bounded
set. We now use A defined on the open sets to define outer measure,

identical to Royden’s approach.

Definition. Let E be an arbitrary subset of R. Let
N(E)=1inf{\(g) | F C G,G is open}.

Then A*(F) is called the Lebesgue outer measure of F.

Note. By definition, for open G, \*(G) = A\(G).

Theorem 3.1. For every F C R, there exists a G set G such that
E C G and M(E) = M (G). G is called a measurable cover for F.

Proof. This is a homework problem in Real Analysis 1. |

10



Note. Since for open G (with the notation from above), A(G) =

o1 A1), we immediately have

X (E) = inf {Z A1) | E C | J I, each I an open interval} .
k=1 k=1

This is the same as Royden’s definition of outer measure p*. As
previously mentioned, we show in Real Analysis 1 that \* = p* is
(1) translation invariant, (2) monotone, (3) the outer measure of an

interval is its length, and (4) countably subadditive.

Note. It would seem that A* should do for a measure. However, A\*
is not countably additive. In fact, there are disjoint sets 4 and Fs
such that

ANEL U Ey) = XN(Ey) + X (E»)

does mnot hold. Specific examples of such sets are seen with the

construction of a nonmeasurable set (climaxing in the “offensive”
Banach-Tarski Paradox).

Definition. Let E be an arbitrary subset of R. Let
A(F) =sup{\(F) | F C E, F is compact }.

Then A, (F) is called the Lebesgue inner measure of E.

Note. By definition, for compact F', \(F) = A(F).
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Note. Similar to the proofs for p*, we can show that A, is:
(1) translation invariant (A\(E + x) = A\ (E) for all z € R),
(2) monotone (A C B implies A\.(A) < A\(B)),

(3) the inner measure of an interval is its length: A\.(I) = £(1I) for
all intervals I C R, and

(4) countably superadditive

As ([OJ Ek:) > iA*<Ek)
k=1 k=1

Theorem 3.2. For every I© C R, there exists an F;, set F' such
that FF C E and M\(F) = A\(F). F is called a measurable kernal

of g.
Proof. First, suppose \.(F) =m < co. Since
A(F) =sup{\(F) | F C E, F is compact },

then by definition of supremum, for all ¢, = 1/k, k € N, there is
a compact set Fj such that m > A(F;) > m — 1/k. Consider the
set F' = U2 Fj. Since each Fj is compact (and therefore closed),
then F'is a countable union of closed sets—i.e., F'is an F}, set. Also,
F, C F' C E for all £ € N. Therefore, by monotonicity of A,:

1

m= o= M(Fr) S M(F) < MN(E)=m
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for all £ € N, and hence \.(F) = \.(F).
Second, suppose A(E) = oo. Then for all £ € N there is a

compact set Fj such that A«(F)) > k from the supremum definition
of A\x(E). Again, take F' = UF} and F is an F,, set with

A(F) = M(UF) > ) A\(F,) = 00 = A\ (E)

where the inequality part follows from the countable superadditivity
of A, |

Theorem 3.3. Every compact set F' is measurable.

Proof. Let [a, b] be the smallest interval containing F'. We know
that (a,b) = ((a,b) \ F) U F and since \* is countably additive,

A ((a,b)) = A(((a,b) \ F) U F) = X((a,b) \ F) + A"(F)
or
N(F) = X((a,0))=A"((a, 0)\) = b—a—A"((a, D\F) = AF) = A(F).
So F'is measurable. [
Note. We cannot use intervals (directly) in the definition of inner
measure, since set £/ may not have any subsets which are intervals

(consider @Q or R \ Q). However, every set has a compact subset

(since, trivially, the empty set is compact and has outer measure 0).
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Theorem 3.4. Let [a, b] be the smallest interval containing set F.
Then

M(E)=b—a—X([a,b]\ E).

Proof. First, let F' C E be compact. Then [a,b] \ F' is open and
la,b] \ E C |a,b] \ F. then
AMF) = b—a— Mla,b] \ F) (definition of A for a compact set)
< b—a—inf{\G) | [a,b] \ E C G,G is open}
(definition of infemum since [a, b] \ F

is one specific such open ()

= b—a— \([a,b] \ FE) (definition of \¥).
Since ' C E was arbitrary, taking a suprema over all such F' yields
M(E)<b—a—X(a,b]\ F).

We now need to reverse this inequality.
Second, let [a,b] \ F C G where G is open. Then [a,b] \ G is
compact and |a,b] \ G C E. Then

b—a—ANG) < b—a—inf{\G) | [a,b]\ E C G,G is open}
(definition of infemum)

= b—a— A\([a,b] \ F) (definition of \*),
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AE) > Mla,b] \ G) (definition of supremum since [a, b] \ G
is one specific such compact set)

= (¢, d) = Mle,d) \ ([a, ]\ G)

where [c, d] is the smallest closed interval containing |a, b] \ G)

> (b—a)— A(c,d) \ ([a,b] \ G)) (since [¢,d] C [a, b]).

E{i \—}-Zj Set E

———————— 71 la.hl\E

HH——— Db\ E,

G open

— o0 % a.b]\ G compact

[—]— [Ca(f] D [@“b]\(iIrT
C /

¢

————+ .\ (la-b\ )

open

If a,b € E, then (¢, d) = (a,b) and WLOG we have G C (a, b), so
(e;d)\ ([a, 0]\ G) = (a,b) \ ([a, 0]\ G) = (a,0) \ ((a,b) \ G) = G.
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Then
ME)>b—a=A(c,d)\ (la,0] \ G)) =b—a— \G)
where G is open and [a, b] \ £ C G. Since G was arbitrary (we have
G C (a,b) WLOG), taking the infemum over all such G gives
M(E)>b—a—N([a,b] \ E).
Therefore when a,b € E (i.e., when E contains its lub and glb),
ME)=b—a—X(a,b]\ E).
If a is not in E, we see that [a, b] \ E differs from [a, 0]\ (FU{a})

by only one point. Hence, from an e-argument, we can show that
A ([a, 0]\ F) = X*([a,b] \ (EU{a})) (and similarly if neither a nor
b is in E) and the result follows for arbitrary E. |

Note. We will define a set to be Lebesgue measurable by always

appealing to bounded portions of the set. Therefore the equation
ME)=b—a— X(a,b] \ E)

has some implication even for unbounded sets. The important ob-
servation here is that even if we approach Lebesgue measure from an
inner measure/outer measure perspective, we see that the inner mea-
sure is ultimately dependent only on the outer measure. Therefore,
there is a degree of redundance in the introduction of inner measure
at least as long as the above equation holds (and this is where the

Carathéodory splitting condition arises in Royden’s development).
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4. Lebesgue Measurability

Definition Let E be a bounded subset of R, and let A*(E) and

A«(F) denote the outer and inner measures of E. If
M(E) = A(E)

then we say that F is Lebesque measurable with Lebesgue measure
AME) = N(FE). If E is unbounded, we say that E is Lebesgue
measurable if E N1 is Lebesgue measurable for every finite interval
I and again write A(F) = \*(FE).

Theorem 4.1. )\, is monotone. That is, if £y C Es then \,(F7) <
A(Fa).

Proof. Let E, C E5. Since every compact set F' which is a subset

of , is also a subset of E», then
A(Er) =sup{\(F) | F C Ey, F compact} < sup{\(F) | F' C Es, F' compac

(since the second supremum is taken over a larger collection of real

numbers than the first supremum). 1
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Theorem 4.2. If {E}} is a disjoint sequence of subsets of R, then

This property is called countable superadditivity.

Proof. Let ¢ > 0. By the definition of A\,(FE}) in terms of a supre-
mum, for each k& € N there exists a compact set F}, C E} such
that

ME) = 55 < M(FL) = MF),

a property of supremum. Next,

H(Us) =
A

=

F k) (by the monotonicity of A,)

w
Il

1

=

I
—_

Fk> since each UF}, is compact and so measurable)
k) (

= )\ since A is countably additive)
€
2 Z (B0 + 5)
k_
—~ 1
- Z)\ Ek Z ok
k=1

This holds for all n, so



Next, € was arbitrary, so

Note. If £ C R is a bounded measurable set, and [a, b] is the

smallest interval containing £/, then
M(FE) = (b—a) — X([a,b] \ E) by Theorem 777
or
MN(E) = X([a, 0]) = A([a, o]\ E)

or

A(la, b)) = A(E) + A (la, O]\ B). (1)

Recall the Carathéodory splitting condition from Royden:
A(X)=X(A)+ A (X \ A).

Equation (1) is simply the splitting condition applied to the set
A = la,b)! If E is measurable and unbounded, then the condi-
tion of Lebesgue measurability implies that the splitting condition
must be satisfied for all intervals. (By the additivity of A\*, we can
replace interval [a, b with any interval and say the same thing about

unbounded mearsurable sets.)
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Note. Clearly, the splitting condition implies (1) and so Roy-
den’s approach implies the inner/outer measure approach to defin-
ing Lebesgue measure. We now need to show that the inner/outer
measure approach implies Royden’s approach and the Carathéodory

splitting condition. This is accomplished in the following theorem.

Theorem 4.3. Let E C R is a bounded measurable set (i.e.,
A(F) = X*(F)) and let [a, b] be the smallest interval containing FE.
Then for any set A C R we have

N(A) = N(ANE) + \(A\ B).

Proof. Let E C R be a bounded measureable set and let [a, b] be
the smallest interval containing set E. Let A be any subset of [a, b].

By Theorem 777, there is a G5 set G O A (called a measurable cover

of A) such that \*(G) = A*(A). Since A C [a,b] and set G is Gy,
~ 1 1

then WLOG we have G C |a, b]: Since [a, b] = ﬂ [a +—,b— —]
! n n

is G and, if G is not a subset of [a,b], the set G N [a,b] is a G

subset of [a,b] and A C G N [a, b]. By monotonicity of A*, we have
N(A) SN (ANE)+ X(A\ E).
So we only need to show that

A (A) > N(ANE) + \(A\ E).
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Notice that
a, B\G = [a, }]NG* = ([a, b]U([a, B\ E))NG” = ([a, b]NG) |_(([a, \E)NG)
and so by monotonicity of A"

N(ENG)+ X ((Ja, )] \ E)\ G) =2 A ([a, 0] \ G). (1)

Since we know from Royden that G is measurable (in the sense of

Royden) and so G staisfies the splitting condition and
N(E)=X(ENG)+ANE\G)) (2)
(the splitting condition on G applied to set E) and

A(la, o]\ E) = X(([a, o]\ E) N ([a, 6]\ G)) + A*(([a, 0] \ E) \ ([a,b] \ G))
(splitting condition on [a, b] \ G applied to set [a, b] \ F)
= N(([a,b] \ G) \ &) + X*(G \ E) (since G C [a, b]). (3)

Since E' is measurable, by Theorem 777

N(la,b]) = A*(a,b] N E) = X*([a,b] \ E) = X (E) + X ([a,b] \ E).

21



Therefore
Ala, b)) = A(la, b] = A(E) + A(la, 0] \ E)
= N(ENG)+X(E\G)+ X([a,b] \ E)
(since from G is measurable, from (2)
NENG)+X(E\NG)+ N(([a, 0] \G)\ E) + X (G \ E))
(since [a, b] \ is measurable, from (3)
A(ENG)+A(G\E) + (N(EN\G) + A (([a, 0]\ G) \ E))
> M(G) + X*([a, b] \ G) by monotonocity, since G = (ENG) U (G
and (([a, 0]\ G)\ E)U (E'\ G) = [a,0] \ G)
N([a,b] N G)\([a,b] \ G) (since G C |[a, b])
= X([a, b]) = A([a, b]) (since G is measurable—splitting condition o

Therefore the inequality reduces to equality and
MENG)+ NG\ E)+ N E\G) + N((Ja, 0]\ G) \ E)
= M (G) + A ([a, 0]\ G).
Subtracting (1) from both sides vields
MENG) + NG\ E) < N(G). (4)
Since A C G, we have ANE C GNE and A\ E C G\ E, and by
monotonicity
NANE)+MA\E) < MGNE)+ MG\ E)
(G) (by (4))

(A) (since G is a measurable content of A).
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Combining this with our first inequality, we have established
N(A) =X (ANE)+X(A\ FE)

for all A C [a,b]. Therefore the splitting condition is satisfied on E
applied to arbitrary set A C [a, b]. I

Note. Nowhere in the previous proof did we use the fact that [a, b]
is the smallest interval containing set /. We can therefore state:
Corollary 1. If £ C R is a bounded measurable set (i.e., A\,(E) =
A*(E)), then for any bounded set A we have

N (A) = N(ANE) + \(A\ B).

Note. Since we (following Bruckner) have defined unbounded set E
to be measurable if, for any finite interval I, set £ N[ is measurable,
we can extend the previous corollary by eliminating the boundedness
restriction:

Corollary 2. If F C R is a measurable set (i.e., \((E) = A (E)),
then for any set A C R we have

N (A) = N (AN E) + \(A\ B).

Note. In conclusion, we have shown that a set £/ C R is measur-
able (i.e., \,(E) = A*(F)) if and only if the Carathéodory splitting
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condition is satisfied:
AN(A) =X (ANE)+ X (A\ E).

Therefore the inner/outer measure definition of Lebesgue measura-
bility (Bruckner’s) is equivalent to the splitting condition approach
(Royden’s).
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