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1 Introduction and summary

Let x be a real number, q a positive real number, with q 6= 1, and k an integer.

The number [x]q = (1 − qx)/(1 − q) is called q-number and in particular [k]q is

called q-integer. The kth order factorial of the q-number [x]q, which is defined by

[x]k,q = [x]q[x− 1]q · · · [x− k + 1]q, k = 0, 1, . . . ,

is called q-factorial of x of order k. The q-binomial coefficient (or Gaussian poly-

nomial) is defined by [x

k

]
q

=
[x]k,q

[k]q!
, k = 0, 1, . . . .

Phillips (1997) introduced the q-Bernstein polynomial of order n for any con-

tinuous function f(t) on the interval [0, 1] by

Bn(f(t), q; x) =
n∑

r=0

f(tr)
[n

r

]
q
xr

n−r∏
i=1

(1− xqi−1), n = 1, 2, . . . , (1.1)

for 0 < x < 1 and q > 0, with tr = [r]q/[n]q, r = 0, 1, . . . , n. In the particular

case q = 1, it reduces to the classical Bernstein polynomial of order n

Bn(f(t); x) =
n∑

r=0

f(tr)

(
n

r

)
xr(1− x)n−r, n = 1, 2, . . . ,

for 0 < x < 1, with tr = r/n, r = 0, 1, . . . , n. The sequence

pn,r(x, q) =
[n

r

]
q
xr

n−r∏
i=1

(1− xqi−1), r = 0, 1, . . . , n, (1.2)
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for 0 < x < 1 and 0 < q < 1 forms a normalized totally positive basis, called

q-Bernstein basis.

Il’inskii and Ostrovska (2002), Oruc and Tuncer (2002) and Ostrovska (2003)

studied the convergence of the q-Bernstein polynomials. In Ostrovska’s study of

the convergence of the q-Bernstein polynomial Bn(f(t), q; x), for n → ∞, in the

case x = q−m with q > 1 and m a positive integer, the the role of q-Bernstein

basis (1.2) is played by the sequence

pn,r(q
−m, q) =

[n

r

]
q
q−rm

n−r∏
i=1

(1− q−m+i−1)

=
[n

r

]
q−1

q−r(m−n+r)(1− q−1)n−r[m]n−r,q−1 , r = 0, 1, . . . , n. (1.3)

In the present paper, the sequences (1.2) and (1.3) are shown to be the prob-

ability (mass) functions of two q-binomial distributions. Specifically, a stochastic

model is introduced by considering a sequence of Bernoulli trials with probability

of failure at any trial increasing geometrically with the number of previous fail-

ures. The probability function of the number of successes in n trials is derived

as (1.2). In a modification of this model, in which the probability failure at any

trial decreases geometrically with the number of previous failures, the probability

function of the number of successes in n trials is obtained as (1.3). Further, the

q-factorial and the usual factorial moments of these q-binomial distributions are

derived and their limiting distributions are given. Also, using the expression of

the q-moments, the q-Bernstein polynomial Bn(fr(t), q; x), for fr(t) a polynomial

of degree r, is expressed as a sum of fm(x), with m = min{n, r}, and a polyno-

mial in 1/[n]q of degree at most r − 1, lacking constant term, with coefficients

polynomials in x of degree at most m that do not depend on [n]q.
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