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In the discrete plane we consider paths using steps of three types: up steps u = (1, 1), down
steps d = (1,−1), and left steps l = (−1,−1). A Dyck path of length 2n is a sequence of steps
running from (0, 0) to (2n, 0), using up and down steps and remaining weakly above the x-axis (see
Figure 1 (a)). It is well know [4] that the number of Dyck paths of length 2n is the nth Catalan
number cn =

(
2n
n

)
1

n+1 . A skew Dyck path (briefly, skew path) is a sequence of steps running from
(0, 0) to (2m, 0), using up, down, and left steps, remaining weakly above the x-axis, and where
the up and left steps do not overlap (see Figure 1 (b)). We say that the length of the path is the
number of its steps. Let Sn denote the class of skew paths of length 2n. Differently from Dyck
paths, a skew path ending in (2m, 0) has not necessarily length 2m; on the contrary the set Sm

of skew paths ending in (2m, 0) is infinite. Each skew path can be encoded by a skew word in
the alphabet {u, d, l}. For example the skew path in Figure 1 (b) is encoded by the skew word
uuduudlduuuddl.

(a) (b)

Figure 1: (a) a Dyck path; (b) a skew Dyck path.

It is easy to see that every non-empty skew path γ can be uniquely decomposed as

γ = u γ′ d γ′′ or γ = u γ′′′ l , (1)

where γ′, γ′′, γ′′′ are skew paths, γ′′′ being non empty. Hence, the generating function S(x) of skew
paths according to semi-length satisfies the following functional equation:

S(x) = 1 + xS2(x) + x (S(x)− 1), (2)

which leads to the solution:

S(x) =
1 − x − √

1− 6x + 5x2

2 x
. (3)

The first values of the coefficients sn defined by S(x) are 1, 1, 3, 10, 36, 137, . . . (sequence A002212
in [3]). From (3) we can derive the recurrence:

(n + 1)sn − 3(2n− 1)sn−1 + 5(n− 2)sn−2 = 0 (for n ≥ 2) .

Moreover, writing (2) as S(x)2 = (1− x)(S(x)− 1)/x , we have the identity
n∑

i=0

sisn−i = sn+1 − sn (for n ≥ 1) .

Applying the Lagrange Inversion Theorem to (2), we have the following formula:

sn+1 = [xn+1]S(x) =
1

n + 1

n+1∑

i=1

(
n + 1

i

)(
2i

i− 1

)
=

n∑

i=0

(
n

i

)
ci+1 .
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We remark that all the previous identities can be explained in combinatorial terms. Moreover, we
study the class of skew paths according to the following features:

1. Bijections with other combinatorial objects. The sequence sn also enumerates the
3-colored Motzkin paths according to length [4], and the restricted hexagonal polyominoes
according to number of cells [1]. We give explicit bijections between these three classes.

2. An involution on skew paths. We define a simple involution on skew paths, which directly
follows from the recursive decomposition (1). Let (−)∗ : Sn → Sn be the function defined
by ε∗ = ε , (u d)∗ = u d, and (u d γ)∗ = u γ∗ l , (u γ l)∗ = u d γ∗ , (u γ d δ)∗ = u γ∗d δ∗ ,
where γ and δ are skew paths, with γ 6= ε. For instance we have (uuduudld)∗ = uuududld.
Easily one verifies that (−)∗ is an involution, i.e. that it is a bijection on skew paths and
that γ∗∗ = γ for any skew path γ. We give a characterization of the fixed points of (−)∗ ,
and prove that the number of these fixed points of length n is the (n−1)th Motzkin number,
for n ≥ 1.

3. Statistics on skew paths. We consider several statistics on skew paths, among which, the
following are worth mentioning:

(a) Number of returns. A return in a skew path is any occurrence of a down or left step at
level zero. The number of skew paths of length 2n with exactly k returns is given by

1
n− k

n−k∑

h=1

(
n− k

h

)(
2h + k − 1

h− 1

)
h− k + 3hk + k2

2h + k − 1
.

(b) Number of left steps. The number of skew paths of length 2n and having k left steps is
given by

(
n−1

k

)
cn−k .

(c) Number of doublerises. A doublerise in a skew path is any occurrence of two consecutive
up steps. The number of skew paths of length 2n having k doublerises is given by

1
n

(
n

k

) min{k,n−k−1}∑

h=0

(
k

h

)(
n− k

h + 1

)
2k−h .

(d) Length of the base. A skew path has base of length k when it ends at the point (0, 2k) .
The number of skew paths of length 2n and base of length k is given by

(
n−1
k−1

)
ck .

(e) Number of peaks. The number of skew paths of length 2n with k peaks is

n−k∑

j=0

(
j + 1

n− j − k

)(
2j + k

2j

)
(−1)n−j−kcj .

(f) Number of right returns. A right return in a skew path is any occurrence of a down
step at level zero. Using the factorization (1) it follows that the generating series of
all skew paths according to semi-length and the number of right returns is given by
G(x, t) = (1 − x + xG(x))/(1 − xtG(x)) . This implies that the associated matrix
G = [gnk]n,k≥0 is a Riordan matrix [2], and more precisely G = (1−x+xS(x), xS(x)) .
Moreover we have the recurrence: gn+2,k+2 = gn+2,k+1 − gn+1,k+1 − gn+1,k + gnk .

(g) Number of hills. The generating series H(x, t) of skew paths according to semi-
length and number of hills (i.e. a peak at level zero) satisfies the identity H(x, t) =
1 + xtH(x, t) + x(S(x) − 1)H(x, t) + x(S(x) − 1) from which H(x, t) = (1 − x +
xS(x))/(1+x−xS(x)−xt) . This implies that the associated matrix H = [hnk]n,k≥0 is

the Riordan matrix H =
(

1−x+xS(x)
1+x−xS(x) ,

x
1+x−xS(x)

)
. We can also prove the recurrence:

hn+1,k+1 = hnk +
n−k∑

i=1

3i−1hn,k+i .
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4. Enumeration according to area. We define the area of a skew path starting from the case
of Dyck paths. Here we consider the region defined by the path and the x-axis. This region
can be uniquely decomposed into right triangles of side one, and we say that the number of
these unit triangles is the area of the Dyck path (see Figure 2 (a)). Similarly in a skew path
we define the area as the number of unit triangles in the region below the path and above the
x-axis (see Figure 2 (b)). Let Sn be the set of all skew paths ending at the point (0, 2n) .

(a) (b)

Figure 2: (a) a Dyck path of area 11; (b) a skew Dyck path of area 17.

Then let An(q) =
∑

m≥0 amnqm be the generating series for the paths in Sn according to
their area. Using the main decomposition (1) we obtain the recurrence

An+1(q) =
n∑

k=0

q2k+1Ak(q)An−k(q) + q2n+2An+1(q) .

Since the initial value is A0(q) = 1 , it is straightforward to conjecture and then to prove
that An(q) = qn

(1−q2)n for every n ∈ N . This implies that the number of skew paths ending

in (0, 2n) with area m is
(
(m−n)/2+n−1

n−1

)
if m = n (mod 2) and 0 otherwise. Moreover

we have the generating series

A(q;x) =
∑

n≥0

An(q)xn =
1− q2

1− q2 − qx
and A(q; 1) = 1 +

q

1− q − q2
.

Hence the number of all skew paths of area n is the nth Fibonacci number, Fn, for every
n ≥ 1 . We also give a combinatorial proof of this result, as sketched here: the skew paths of
area n are obtained from those of area n−1 by prepending a ud and from those of area n−2
by placing a square of side 1 over the first d step (Figure 3). Hence, with n ≥ 3, the number
an of skew paths having area n satisfies the recurrence an = an−1 + an−2 and consequently
an = Fn . This results is quite surprising, since the generating function of Dyck paths and
of many other known lattice paths, according to area, leads to non holonomic generating
functions.

Figure 3: A skew path with area 15 obtained in a unique way from one with area 13.

5. Enumeration of skew bargraphs. To any skew path γ from (0, 0) to (2n, 0) we can
associate a superdiagonal bargraph B(γ) whose boundary is defined by γ itself, rotated
counterclockwise by π/4, and by the lines y = 0 and x = n (see Figure 4). This bargraph
has the property that the highest side of each column is placed above the diagonal y = x.
This class of bargraphs is itself an interesting combinatorial class to be studied according to
various parameters. The generating function of skew bargraphs according to semi-perimeter
(i.e. half the length of their boundary) is given by

1− x−√1− 2 x− 3 x2 + 4 x3

2x2
= 1 + x2 + x3 + 3x4 + 5x5 + 12x6 + 24x7 + 55x8 + . . .

Its coefficients generate the sequence A090345 in [3], and also are the number of Motzkin
paths of length n with no level steps at even level.
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(n,n)

(0,0) (2n,0) (0,0)

Figure 4: A skew path and the associated skew bargraph.

To treat the enumeration according to area (i.e. the number of cells), let Bn be the set of
skew bargraphs having area n (and bn its cardinality), and Bn,k the set of skew bargraphs
having area n and k columns (and bn,k its cardinality), with n, k ≥ 1. For k ≥ 1, the minimal
area n for which bn,k 6= 0 is n = k(k + 1)/2. Moreover, with n > k(k + 1)/2 we can divide
Bn,k into two disjoint subsets:

(a) the bargraphs whose first column is made exactly of one cell. Each of these bargraphs
can be obtained in a unique way by adding a row made of k cells at the bottom of a
bargraph of Bn−k,k−1; thus the cardinality of this set is bn−k,k−1 (see Figure 5 (a));

(b) the remaining bargraphs. Each of these bargraphs can be obtained in a unique way by
adding a cell on the top of the first column of a bargraph of Bn−1,k; then the cardinality
of this set is given by bn−1,k (see Figure 5 (b)).

k

(b)

k k

(a)

k−1

Figure 5: Bargraphs in the above classes.

Hence we have bn,k = bn−1,k+bn−k,k−1. Passing to generating functions B(x) =
∑

n≥0 bnxn

and Bk(x) =
∑

n≥0 bn,kxn , we have the recurrence Bk(x) = xBk(x) + xkBk−1 with the
initial value B1(x) = x/(1− x) . Consequently

Bk(x) =
xk

1− x
Bk−1(x) =

x
k(k+1)

2

(1− x)k
and B(x) =

∑

k≥1

x
k(k+1)

2

(1− x)k
.

Finally we have bn =
∑m

k=0

(n−(k
2)

k

)
, where m = (

√
8n + 1− 1)/2 , and the first few values:

1, 2, 3, 5, 8, 12, 18, 27, 40, 58, 83, 118, 167, . . . (sequence A06978 in [3]).
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