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Combinatorial interpretations of determinants can bring deeper understand-
ing to their evaluations; this is especially true when the entries of a matrix have
natural graph theoretic descriptions. Lindstrom, Gessel, and Viennot [5, 6]
reveal how the determinant counts signed nonintersecting path-systems in an
associated directed graph. For an n x n matrix A = (a;;), the general idea is
to create an acyclic directed graph D with n origin nodes, 01, 02, ..., 0,, and
n destination nodes, di, do, ..., dy, so that the number of paths from origin o;
to destination d; is a;;. Given a permutation o in S, the product [, Qo (i)
counts the ways to construct n directed paths in D where the i*" path goes
from origin o; to destination d,(;. We call such a system of n directed paths
an n-route. Since det(A) =Y s sgn(o) [[;_; ais(i), where sgn(o) is the sign
of the permutation, the determinant is the number of n-routes induced by even
permutations (called even n-routes) minus the number of n-routes induced by
odd permutations (called odd n-routes). A sign reversing involution exists be-
tween even and odd n-routes provided some vertex of D is shared by two paths
in the route, i.e. whenever two paths intersect. So calculating the determinant
reduces to determining the number of even nonintersecting n-routes minus the
number of odd nonintersecting n-routes.

Hankel matrices whose entries are either Fibonacci numbers, Catalan num-
bers, or sums of Catalan numbers have natural interpretations as lattice paths
leading to insightful evaluations [1, 2, 3, 7, 8]. A gallery of determinants and
their related directed graphs will be surveyed. Of particular interest are deter-
minantal identities combining several of these quantities. For example, let
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where C; = H% (2tt), the t-th Catalan number. Using Hankel transforms and gen-

erating functions, Cvetkovié¢, Rajkovié, and Ivkovié [4] showed that det(S2) =
f2n and det(S}l) = f2n+1 where fo = 1, fl = 1, and for n Z 2, fn = fn71+fn72-
The simplicity of these answers begs for an elegant combinatorial solution and
can be found in a bijection between nonintersecting n-routes in an associated
digraph and tilings of a rectangle with squares and dominoes. In fact, this
bijection can then be generalized to calculate det(SY,) when ¢ =2 or 3.

More creativity is required to uncover a useful lattice path interpretation of



the Fibonacci determinant
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However, once an appropriate acyclic directed graph is presented and under-
stood, weights can be added to the arcs to generalize the identity as

det
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where {G,,} and {H,} are generalized Fibonacci sequences with arbitrary initial
conditions.

The final work on display is a simple weighted digraph to instantly visualize
Vandermonde’s classic determinant,
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through nonintersecting lattice paths.
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