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Abstract

Machine scheduling and covering problems may occur in many applications such as load
balancing in network communication channel assignment, parallel processing in large-size com-
puting, task arrangement in flexible manufacturing systems, etc. In this paper we study machine
covering problems with combined partial information on m parallel identical machines. We an-
alyze the model while optimal value is known in advance, and each job has processing time at
most 1/k times of the optimal value and the model we only known the processing time of each
job is at most 1/k times of the optimal value. For those problems, we give lower bounds and
present semi-online algorithms which are optimal in some cases.
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1 Introduction

In this paper, we study machine covering problems with combined partial information on m parallel
identical machines. Consider a machine set M of m identical machines My, Mo, ---, M,, and a job
set J of n independent jobs. We identify jobs by their processing times as p;, j = 1,---,n. Machines
and jobs are available at time zero, and no preemption is allowed. The goal is to schedule the jobs
to the machines so as to maximize the minimum machine load, where the load of a machine is
the sum of the processing time of the jobs assigned to that machine. We denote this problem as
Pm||Cpin. It has applications in the sequencing of maintenance actions for modular gas turbine
aircraft engines and bandwidth allocation on parallel links motivated by issues of QoS.

A scheduling problem is called offfine if the information of the instance is completely known.
If nothing is known about the instance and each job has to be assigned to a machine as soon
as it is available, we call the problem online. However, in the most realistic situation maybe
that some kinds of partial information about future jobs are known in advance. We call such
problems as semi-online. Algorithms for online (semi-online) problems are called online (semi-
online) algorithms. Semi-online scheduling problems have been widely studied in the last decade,
different kinds of partial information have been proposed. For example, the total processing time
of all jobs T' = >7%_; p; is known in advance (denoted by sum), the largest processing time of all

jobs Pmaz = max p; is known in advance (denoted by max), the optimal value of the instance is
]: 7”'7”

known in advance (denoted by opt), etc. Combined semi-online problems also have been discussed,
where two types of different partial information are known in advance in the same time.
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The performance of an online (semi-online) algorithm can be measured by its competitive ratio.
For an instance I and an algorithm A, let CA(I) (or shortly C4) denote the objective value
produced by A and let C*(I) (or shortly C*) denote the optimal value in an offline version. Then
the competitive ratio of A is defined as the smallest number ¢ such that for any I, C*(I) <cC4(I).
An online (semi-online) scheduling problem has a lower bound p if no online (semi-online) algorithm
has a competitive ratio smaller than p. An online (semi-online) algorithm A is called optimal if its
competitive ratio matches the lower bound of the problem.

For the online version of Pm||Cynin, Woeginger showed that LS is the optimal algorithm with
competitive ratio m, where LS always assign jobs to the machine with the smallest current load.
Azar and Epstein proposed an algorithm Fill for Pm|opt|Cynin with competitive ratio 2 — 1/m,
which is optimal for m = 2,3,4, and Ebenlendr shows a lower bound 43/24 and algorithm with
competitive ratio 11/6 for any number of machines. For Pm|sum|Cy,i, and Pm|max|Cyin, Tan and
Wu designed optimal algorithms for both cases with competitive ratio m — 1. Optimal algorithms
for Pm|sum & max|Cy, with competitive ratio % when m = 3 and m — 2 when m > 4 are
also given in the same paper. For the two machine case, He gave optimal algorithms for four
different semi-online problems. Epstein considered a new kind of partial information, where all
jobs have processing time at most C*/k (denoted by k — bounded). She proved that LS is the

optimal algorithm for P2|k — bounded|Cy,;, with competitive ratio 2k and furthermore designed
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an optimal algorithm kF'ill for P2|opt & k — bounded|Cy,i, with competitive ratio 2’3—2?1

In this paper we consider two semi-online problems of Pm/||Cy,i, with combined partial informa-

tion. For Pm/|opt & k—bounded|C\yip, we prove that mﬂ";‘lgl is the lower bound and the competitive

mk+m—1
mk

algorithm for Pm|k — bounded|C,,;, with competitive ratio prry e I In section 2 we study the
problem Pm|k — bounded|Cy,in. Section 3 is devoted to problem and Pm|opt & k — bounded|Ciip .

ratio of kFillm, which is a generation of kF4ill, is . We also prove that LS is an optimal

When analyzing a semi-online algorithm A, denote l{ be the current load of M; right before the
assignment of p;, and let L; be the load of M; after all the jobs have been assigned, i = 1,---,m.

Thus C4 = min L,.
1<i<m

2 Optimal algorithm for Pml|k — bounded|C\ip

Before considering the problem Pmlopt & k — bounded|Cin, we will show that LS is the optimal
algorithm for Pml|k — bounded|Clypin .

Theorem 2.1 The competitive ratio of any semi-online algorithm A for Pm|k — bounded|C\yip 1s
at least kaian

Proof. The proof will be done by adversary method. The job sequence starts by mk jobs with
processing time of 1, at this moment C* = k. If they are not assigned evenly by A, there is at
least one machine with load less than £ — 1. Hence, % > % > kaizfm Otherwise there are
additional mk — 1 jobs with processing time of mk. This gives C* = mk?. However, there is
at least one machine with load of at most k + (k — 1)(mk) = mk? — mk + k, and we also have
c* mk?> — mk O
CA = mkZ-mk+k mk—m+1"

Theorem 2.2 The competitive ratio of LS for Pm|k — bounded|Cyin is at most kaijjwrl



Proof. Assume C® = L,,. Let pj, be the last job assigned to M;,1 <i <m — 1. By LS rule,
we have L; —pj, = I/ <1Ji < L,,,, 1 <i < m — 1. Together with p;, < Q 1 <i<m-—1, we have,

CLS:Lmz ( m+zm 1lJz):TZZ1sz >C* m—=1  C* _ mk— m+1C* 0

m kT mk
From Theorem 2.1 and Theorem 2.2, we know that LS is an optimal semi-online algorithm for

Pmlk — bounded|C)y,i, with competitive ratio kaiﬁM

3 Bounds for Pm|opt & k — bounded|C\y,

Theorem 3.1 The competitive ratio of any semi-online algorithm A for Pm|opt & k—bounded|Cyin
2kl ifm < 2k 41,

. 2k
s at least { o ifm > 2k + 1.

m

Proof. Let C* =1 be known in advance, and we will prove the theorem in following two cases.

Case 1 m < 2k + 1. Let the first m jobs all with processing time of If they are assigned

2k:+1
to less than m machines by A, then mk jobs with processing tlme of TH come. Thus we have
cA < 2,?_’& Otherwise, if the first m jobs with processing time m are assigned to m machines,
then we finish the job sequence with jobs with processing time of % as more as possible and a little
job with processing time not greater than % The less loaded machine will have load of at most
max{(k — 1)} + ﬁ, 1—(m— 1>T1+1} < % However, in the optimal schedule, mk — k jobs
with processing time % are assigned evenly to m — 1 machines, and the remaining jobs are assigned
to one machine.

Case 2 m > 2k + 1. Let the first m jobs all with processing time of % If they are assigned
to less than m machines by A, then mk jobs with processing time of % come. Thus we have
cA<1-— % Otherwise, if the first m jobs with processing time % are assigned to m machines,
then (m —ll)k: jobs with processing time of % come. The less loaded machine will have load of at
most 1 — .

Since we have C* = 1 in all cases above, we are done. O

Now we present a Semi online algorithm kF'illm for this problem, which is a generalization of

kFill. Let 0 < B = m < 1. We call p; as a tiny job if p; < ﬁC* otherwise we call it as a

regular job. We call a machine is mixed if it processes both regular jobs and tiny jobs.
Algorithm kFillm
Let p; be the current job, and

X7 = {M,]lf < BC*,and there are only regular jobs on M;,1 < i < m},
Yyl = {Ml]lf < C*,and there are only tiny jobs on M;, 1 <i < m},
77 = (M|l =0,1<i<m}.
1. if p; is a regular job.
(1.1) if X7 = ), assign p; to the machine with the largest load in X7.

(1.2) if X7 =0, ZJ # 0, assign p; to an arbitrary machine in Z7.
(1.3) if X7 =27 =0, Y7 # ( assign p; to the machine with the largest load in Y.



(1.4) if X7 =27 =YJ =, assign p; by LS rule.
2. if p; is a tiny job.

2.1) if Y7 # (), assign p; to the machine with the largest load in Y.

2.2) if Y9 =), Z7 # (), assign p; to an arbitrary machine in Z7.

2.3) if Y9 = Z7 =0, X7 # (), assign p; to the machine with the largest load in X7.
2.4) if Y9 = ZJ = X7 =), assign p; by LS rule.

Theorem 3.2 The competitive ratio of kFillm for Pm|opt & k — bounded|Cynipn is at most % =

mk+m—1
mk :

Proof. We show that when the algorithm terminates, L; > 8C*, 1 <4 < m. This implies that

the competitive ratio is at most %

Assume that there is a machine M, with load less than SC*. Let

My = {M;|L; > BC*, and there are only regular jobs on M;, 1 <i <m},
My = {M;|L; > BC*, and there are only tiny jobs on M;, 1 <i < m},
Mz = M\(Ml U Mz),

and m; = | M|, j =1,2,3. Obviously, My € M3 and mg > 1.

From the description of kFillm, we can verify that for any 1 < j <n, |XJ| <1 and |Y7| < 1.
If there exist mixed machines, let M; be the first one during the scheduling process. Suppose p,
is the first regular (tiny) job assigned to My, which previously processing only tiny (regular) jobs,
then X" =2"=0 (Y"=2"=0) and Y" = {M;} (X" = {M,;}). As machines in M\{M;} are not
mixed at that time, we must have I > C*,VM; € M\{M;}, and in fact Mg = {M;} = {My}. If
there is no mixed machine, then the loads of machines in M3 are clearly less than SC*. Hence, for

both cases, we have
L; < ﬂC’*,VMZ € Ms. (1)

Moreover, for both cases, no jobs will be assigned to machines in M; U Ms by LS rule since
Ly < BC*, Therefore, for any machine M; € M, there are at most k regular jobs on M;,

1
ﬁC*:k%C*Sngk%C*:C*, VMz'EMl, (2)
and 5
BC* < L; < ﬁC* + EC*’ VM; € Ms. (3)
Since m3 > 1 and m = my + ma + ms, together with (1), (2) and (3),we have
T = ZL = > Li+ Y L+ > L< m10*+m2(ﬁ+§)c*+m3gc*
=1 M;eMq M;EMs M;eEMs3s
B . m(k+1) _, mamk . ( ma + mgmk> .
= Ot me mkr—l—m—lc mk:+m—1c N m1+m2+mk+m—1 ¢
= (ml +mg +m3 + mom —m3m> C* < (m1 4+ mg +m3)C* =mC™,
mk+m —1
which is a contradiction. O



