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Abstract   

 A method based on complex residue theory was used to develop three 

mathematical models of cylindrical cell structures with non uniform membrane 

capacitance.  The first model incorporated a membrane capacitance change at a single 

longitudinal point along the cylinder axis.  The second model incorporated a step 

change in capacitance, so that two parts of the cylinder are of different capacitances.  

The third model incorporated an exponential distribution of capacitance.  The stimulus-

response properties of the models were compared under different configurations and fit 

to experimental data from dendritic neurons (spinal motoneurons).  The exponential 

model had the best fit and most stable properties.  Using this model, the key question 

was addressed of whether the amount of variation of membrane capacitance measured 

in experimental studies is sufficient to markedly alter the essential process of response 

to transient stimuli and passive propagation.  We concluded that the levels of 

capacitance variation measured in cells does not alter electrical responses at levels that 

are physiologically significant and so the widespread assumption of uniform membrane 

capacitance is likely to be valid. 
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Introduction 

 Mathematical methods are often the only resort when an important problem is 

not amenable to known experimental or empirical methods.  In the present study, 

mathematical methods are used to develop a cellular model, which is subsequently 

applied to the question of the physiological significance of non uniform cell membrane 

capacitance.  Cell membranes are key building blocks of all cells, and regardless of cell 

type, have the hallmark electrical property of a constant capacitance near 1 µF per cm
2
 

(Jameison and others 2003; Lewis 2000; Roth and Hauser 2001; Trevelyan and others 

2002; Cole, 1968). The existence of an electrical capacitance across cell membranes is 

not superfluous, but instead, is vital to cell life  (McCance and Huether 2001; Porth, 

1998). Capacitance is used as a mechanism for rapid biological signaling and for 

integration of electrical signals over time and space.  Capacitance-dependent synaptic 

integration is the basis of central nervous system function. Given its universal 

importance, alterations in membrane capacitance are a factor in the pathogenesis of a 

wide variety of disorders of importance in nursing, such as asbestos toxicity (Dopp and 

others 2000), seizures (Amzica and Neckelmann 1999), metal poisoning (Chanturiya 

and Nikoloshina 1994), and hearing loss (Santos-Sacchi and Navarrete 2002.) 

 Until recently,  models of cellular integration have assumed a constant 

membrane capacitance over the cell, usually of 1 uF/cm
2
.  Although there is wide 

agreement that cell membranes have an average membrane capacitance near 1µF per 

cm
2
, recent experimental work has led to questions about the assumption that 

membrane capacitance is constant over the surface of a cell (Thurbon and others 1998).  

Membrane capacitance is dependent on ion channel density (Benzanilla and others 
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1991; Kilic and Lindau 2001; Schmid and others 2004; but see Gentet and others 

2000), and evidence has been mounting that ion channels are often distributed unevenly 

in cells (Ramcharan and Matthews 1996; Fu and others 1996; Miles and others 1996; 

De Schutter and Bower 1994; Starr and Wolpaw 1994).  The consequences of 

capacitative non uniformities in the passive propagation of electrical potentials in 

cylindrical membrane processes (such as axons, dendrites, and muscle fibers) are not 

known. In fact, the simplifying assumption that membrane capacitance is fixed has 

been made in almost all analytic and computational models of neurons and other cells 

to date (see reviews by Rall 1977; Lindsay and others 1999; Glenn and Knisley 2005).  

 No systematic studies have been conducted to test this assumption, so the 

present study was conducted to determine the effect of the simplifying assumption of 

spatially-constant membrane capacitance in electrical signal diffusion and propagation.  

Specifically, the electrical responses of membrane cylinders with uniform capacitance 

to those in which capacitance was not uniform were compared in mathematical models, 

while controlling for the average capacitance. In addition, three types of non uniform 

capacitance were tested: (1) point change in capacitance, (2) step change in 

capacitance, and (3) exponentially graded capacitance. The hypothesis tested was that 

there are no biologically-significant differences between membrane cylinders with a 

homogenous membrane capacitance and those with a heterogenous membrane 

capacitance (point, stepped, or exponentially-graded), provided that the spatial 

variation in capacitance is within the range of that estimated in experimental studies. 
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Definition of the General Model 

 For a membrane cylinder with spatially-graded capacitance, the model satisfies 

the cable equation 

2

2
( ) 0 0m m

V V
R C X V X L

X t

∂ ∂
− − = , < <

∂ ∂
   (1) 

where ( )V X t,  is membrane potential, Rm is the specific membrane resistance in ohms, 

Cm is the specific membrane capacitance in farads, L is the electrotonic length of the 

equivalent cylinder, and X is the electronic distance from the origin (in dimensionless 

units of the length constant, λ ). Note that Cm is a function of X and varies with distance 

from origin, which is the end of the cylinder. We assume sealed-end boundary 

conditions  

( ) 0
V

L t
X

∂
, =

∂
      (2) 

( )0 0
V

t
X

∂
, =

∂
      (3) 

and also that the cell is initially saturated to steady state by a current stimulus of 

magnitude stim
I .  Separation of variables ( ) ( ) ( )V X t X T tφ, = yields  

    ( )( ) 1 0m mR C Xφ α φ′′ + − =     (4) 

and  
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    T Tα′ = −  (5) 

The solution is of the form (see Major and others 1994; Majors and Evans 1994; Glenn 

and Knisley 1999, 2005),  

    ( ) ( )
0

nt

n n

n

V X t A X e
αφ

∞
−

=

, =∑     (6) 

where the 
nα > 0 are the eigenvalues, the 

nC  are the Fourier coefficients and the 
nφ  are 

the separated solutions or eigenfunctions of Equations 1 - 3. We normalize the 

eigenfunctions so that ( )0 1nφ = .  At the proximal end of the cylinder, 

    ( )
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∞
−
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On [ ]2 0L L, ,  we define the inner product  

   ( ) ( ) ( )
0

L

f g f X g X X dXτ, = ∫  

From Sturm-Liouville theory (Stackgold  1979)we have  

     0k nφ φ, =  

if n k≠ ,  and that  
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V X t
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,
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which can be used to estimate the An once the eigenvalues and eigenfunctions are 

known. The Fourier coefficients can also be estimated using the method of residues, as 

shown below.  

The initial potential distribution is the steady state distribution ss
V  which satisfies  

    
2

2
0 0

ss
ssd V

V X L
dX

− = , < <     (8) 

    ( ) 0
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    ( )0
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The solution is given by  

   ( )
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ss I L X
V X

G L
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− −
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where G
∞  is the input conductance. It follows that Equation 7 reduces to  
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n
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V
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This approach was used to solve for three models of non uniform capacitance: (1) point 

change in capacitance, (2) step change in capacitance, and (3) exponentially graded 

capacitance.  

Definition of Point and Stepped Models 

 If ( )m mC C L=  and (0)mC C= ,  

   
if 0

( )
if

m

m

C X Z
C X

C Z X L

≤ ≤
= 

< ≤
 

for any Z  between 0  and L.  By previous methods (Bluman and Tuckwell 1987, see 

appendices in Major and Evans 1994; Major and others 1993, 1994), the Laplace 

transform of the transient at 0X =  is  

  ( )
( ) ( )( )
( )( ) ( )

tanh tanh
0

tanh tanh

stim
s m s m

s m m s s

b b b Z b L ZI
W

G sb b b L Z b b L
∞

+ −
=

− +
   (12) 

where 1s mb sR C= +  and 1m m mb sR C= + .  If we assume that ( )tanhG L Zρ ∞= /  is 

constant with respect to Z ,  then Equation 12 is given by  

 ( )
( ) ( )( )

( )( ) ( ) ( )

tanh tanh
0

tanh tanh coth

stim
s m s m

s m m s s

b b b Z b L ZI
W

b G b b L Z b b Z L Zρ∞

+ −
=

− + /
 

 We now show that the point membrane capacity model in Equation 12 is a 

limiting case of the varying capacity model when ( )mC X  is the step function.  In the 
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limit as 0Z → ,  the transient becomes  

 ( )
( ) ( ) ( )

0
1 tanh 1 coth 1

in

m m m m m

I
W

G sR C sR C L L sR Cρ∞
=

+ + + +
 (13) 

which is the solution for the voltage for a membrane cylinder with a different point 

membrane capacity at the origin.  

Definition of an Exponentially-Graded Model 

 Models in which membrane capacitance changes are at a point or are stepped, 

have a discontinuity at the point of change that may not be biologically realistic. An 

exponentially graded model, on the other hand, has a smooth, continuous change in 

membrane capacitance, and thus might be more biologically realistic. The cable 

equation (Equation 1) cannot be solved in general. The same waveform can be well-

approximated by more than one multi-exponential (Major and Evans 1994), so 

numerical solutions to Equations 1 - 3 are limited in their applicability to the problem 

of parameter identification. There are certain choices for ( )mC X  for which closed form 

solutions are possible, but for such choices of ( )mC X , it has not been possible to find 

closed form solutions for the eigenvalues and Fourier coefficients except in special 

cases. However, many choices for ( )mC X  lead to closed form expressions for the 

Laplace transform of the solution. From the Laplace transform solutions, the 

eigenvalues and Fourier coefficients can be determined using the theory of residues 

from complex analysis (Lanzcos 1961; Zauderer 1983; Wunsch 1994). 
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 In particular, such a solution is possible if ( )mC X  represents the exponentially 

graded membrane capacitance given by  

   ( ) 2
21

m
X

C X
Me

µ
− 

 
 

=
+

 

where for the ratio parameter mC Cε = / we have  

    

( )

2

2

1

1

L
M

e

C M

ε

ε

µ

−

−
=

−

= +

 

In Fig. 1, the relation between τ  and L is shown for 0 9ε = . ,  0 005m mR C = . .  Noitice 

how for cylinders with an electrotonic length greater than one, and a 10% exponential 

gradient in capacitance produces a decay time that is very close to that of the uniform 

capacitance model (in which τ = 0.005 ms).   

 The Laplace transform of  

   ( ) ˆˆ ( ) 1 ( ) ss

m
sRC X V C X VV

′′
− + = −     (14) 

has a solution of the form  

    ( ) ( )
( )ˆ

ss
V X

V X W X
s

= − ,  
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where the transient W  satisfies the homogeneous equation associated with Equation 

14. The Laplace transform of the transient is given by  

  
1 2 1 2

2 2 2

1 2
( ) 1

s s
x x x

W X Me D M e D M e
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as can be verified by substitution. The sealed end boundary condition at X L=  yields  
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1

2

2 1 2

1

1

L
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which is combined with the other boundary condition to yield a transient at 0X =  of  
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++
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 (15) 

 Since the eigenvalues of Equation 5 are negative, the exponents in Equation 15 

are imaginary, complex exponentials and De Moivre’s formula, transform Equation 15 

into the eigenvalue equation 

   
1 tan 1 ln 1

1 tan 1 ln 1

m m m m

m m m m
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− − + −
 (16) 
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When M  is chosen such that 1n Mα µ − ≠ ,  the coefficients nA  are of the form  

  
( )

( ) ( )
2

2 1 1
cos 1 ln

1

stim

n n L

n n n

I M M
A

M eG M f
α µ

α µ α µ α∞
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where ( )nf α  is given by  
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 The Fourier coefficients can also be obtained from the eigenvalue equation by 

the eigenslope method (Equation 16). The analytic solution for exponentially-graded 

membrane capacitance was thus obtained.  Next, the properties of the point, stepped, 

and exponential models were compared. 

Comparison Between Models With Non Uniform Cm 

 The four models  (constant, point, step, and exponential) were compared to each 
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other and also to experimental data on neurons.  For the comparison, we normalized the 

Fourier coefficients to the steady state, and calculated the exponential components that 

comprise the voltage decay response to stimulation at X = 0 (
0 01τ α= / ,  

1 11τ α= / ,  
0A  

and 
1A ) for a model in which there was a step change in membrane capacitance at an 

arbitrary electrotonic distances, Z, from the origin (from Equation 16).  

Table 1 shows that the exponentially varying model and the step change model had 

similar time constants and similar amplitude coefficients for a wide range of model 

parameters, rather than only one set of values.  In Table 2, the response components 0τ  

and 1τ  differed between the exponential and point model regardless of the choice of ρ.  

The time constants of the responses of the point model only have a good fit to the 

exponential model when ρ  and the electrotonic length L  were unconstrained (allowed 

to vary concurrently and independently). A good fit was found under the limited 

condition that 1 55ρ = .  and 0 7065L = . in the parameter series tested in Table 1. This is 

in marked contrast to the relation between the exponentially varying model and the step 

change model, which had good fits over most values in the range. 

 For model configurations in which the first two time constants for the voltage 

decay of the point capacitance model do match those of the exponentially varying 

model, the amplitude coefficients of the point capacitance model, computed using 

Equation 12, still do not match those of the exponentially-varying model. When C = 0.9 

µF and Cm = 1.0 µF, the ratio of 0A  to the initial value Vm at t = 0 is 0 9038.  for the 

point model ,  whereas the same ratio for the exponential model is 0 7551. . Also, the 

ratio of 1A  to 
ssV  is 0 08791.  for the point model, compared to 0 1481.  for the 
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exponential model. Table 2 shows that the step model has amplitude coefficients 

similar to the exponential model. In the point model, the first two Fourier coefficients 

account for 99%  of the steady state, which means that the higher amplitude 

coefficients must necessarily be extremely small. However, in the both the exponential 

and step models (Table 2), the first two coefficients account for only 90%  of the steady 

state. This evidence indicates that the point model is not a preferred model, and may 

not be a valid model. 

 The shape dependence of the decay waveforms for the point model differed 

from those of the exponential model, as can be seen by comparing the two graphs in 

Fig. 2. Note, qualitatively, how little the point model in B resembles the continuous 

model in A.  The family of curves had a common point of intersection in the 

exponential model but not in the point  (Fig. 2B).  In the both models, the initial decay 

was faster if the capacitance was lower at X=0 than that when X > 0.  In the exponential 

model, however, the final decay (after 0.010 s) was slower if the capacitance was lower 

at X =0.  In the point model, the final decay rates converged, becoming dominated by a 

single exponential, τ = RmC .  When the decay response of the point model and 

exponential model were superimposed (not shown), the curves could not be made to fit 

for any combination of parameters.  The point model could never be made to closely 

approximate the exponential model (< 5% overall fit), even for small variations in the 

capacitance at the origin ( i.e., C at X=0).   

Comparison of Model Responses to Cells Responses 

 The next question addressed was whether a single membrane cylinder model 
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with sealed ends and a point or exponential distribution of  Cm could account for the 

voltage response of single quasi-cylindrical cells to a current pulse.  Experimental data 

from studies on spinal motoneurons (stimulation and response determined at X = 0) 

were used for this purpose.  The values of C, Rm, 
mC , and L  were chosen from 

experimental work on spinal motoneurons (Glenn and others 1987; Fleshman and 

others 1988; Clements and Redman 1989; Gentet and others 2000; Maltenfort and 

Hamm 2004).  The multiexponential decomposition algorithm described in Knisley and 

Glenn (1996) was used to estimate 0τ ,  1τ ,  0A  and 1A  for a representative experimental 

response data from a series of spinal motoneurons, taken from the study of Glenn and 

others (1987).  Fig. 3 shows the results of a best fit procedure between the experimental 

voltage recording and the theoretical response in the exponential model, and Table 3 

shows the first two eigenvalues and initial amplitudes for the two waveforms. The 

parameters for the best fit under the assumption that was Cm = 1 µF, C = 0.34 µF, Rm = 

7,000 Ω, 1 55L = .  and 0 01266ssV = . .  Voltage transients produced by constant current 

pulses in the soma of neurons more closely approximated the exponential model than a 

point or stepped model. In experimental waveforms analyzed, 0A has varies from 34% 

to 75% of the steady state value and has only rarely come close to 90% of steady state.  

Thus, the point capacitance model could not account for experimentally-derived curves 

of electrotonic responses in spinal motoneurons.  The stepped model could if 0.3<Z<.7, 

which is remarkably the condition under which the step model most closely 

approximates the exponential model. 
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Errors Produced by Assumption of Constant Cm 

 In the previous sections, the mathematical model was developed and shown to 

fit empirical data best if an exponential distribution of capacitance was used. The final 

issue that will be addressed is how the response of a membrane cylinder with constant 

Cm compares to a cylinder with an exponential gradient in Cm under the conditions that 

the average Cm is the same in both and the variation in Cm is within the range measured 

in recent studies. 

 As shown in the responses of Fig. 4 and in measurements of decay rate derived 

from those responses in Table 4, a 2% gradient in membrane capacitance causes about 

a 1.0% error in the time to decay to 90% of the initial value, a 0.5% error in time to 

50% decay, and a 0.3% error in time to 90% decay. A 10% gradient causes about a  7% 

change in time to decay to 90% of the initial value, a 3.5% error in time to 50% decay, 

an a 2.4% error in time to 90% decay.  

Discussion 

 The main hypothesis tested by the mathematical models was that biologically-

significant differences between membrane cylinders with a homogenous membrane 

capacitance and those with a heterogenous membrane capacitance (point, stepped, or 

exponentially-graded) affect passive responses, provided that the variation in 

capacitance is in the range of that estimated in experimental studies.  This hypothesis 

was rejected. An exponential spatial variation in membrane capacitance at 

experimentally measured levels 5% produces a difference of 1.5% in the time it  takes 

the voltage response to a step stimulus (Table 4) to decay to 50% of its initial value, as 
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compared to the assumption of a uniform membrane capacitance. This is a relatively 

small difference.  Moreover, although the evidence is limited (see discussion below), 

the most that the capacitance would appear to change with distance is closer to 2%. 

Therefore, for most models of cells with a non uniform distribution of sodium channels 

or other channels, we conclude that the assumption of uniform membrane capacitance 

is largely valid. 

 The property of capacitance stems from the close proximity of two electrically 

conducting structures surfaces with the space between them filled by a poorly 

conducting medium.  The membrane that envelops cells basically consists of a thin 

lipid bilayer that incorporates proteins, many of which span the membrane. The 

membrane capacitance stems from conductive extracellular fluid being separated by the 

inner hydrophobic layer of the cell membrane, which forms the poorly conducting 

structure required for the property of capacitance.  The capacitance of the membranes 

depends on the thickness of the membrane, the number of carbons in the lipid chain 

that comprises the membrane, the electrical properties of the nonpolar, electrically-

insulating interior of the bilayer membrane (dielectric constant), the location and 

density of nonpolar residues of the proteins embedded in the membrane (Risbo and 

others, 1997; Pethig, 1979, Thurbon and others 1998), and the size and time course of 

ion channel gating currents.  

 Studies in spinal neurons, brain neurons, cell migration, cardiac muscle cells, 

egg fertilization, and others (Hice, 1988; Masukawa and others 1991; Siegel and others 

1994; Korchev and others 2000; Schwab 2001; Williams and Stuart 2003; ) have been 

in agreement that ion channels are not generally uniformly distributed over the surface 
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of cell membranes. The question is unsettled, however, of whether or not the membrane 

capacitance changes according to the density of ion channels in the membrane. 

Thurbon and others (1998) suggested that non uniformities in membrane capacitance 

are caused by ion channel proteins. Ion channel proteins could theoretically alter 

membrane capacitance by changing both the thickness and dielectric constant of the 

membrane. However, Gentet and others (2000) found no major changes in membrane 

capacitance from 0.9 µF per cm
2
 in kidney cells were transfected with a plasmid that 

added glycine receptors to the membrane. On the other hand, both theoretical work 

(Schmid and others 2004) and experimental work (Benzanilla and others 1991; Kilic 

and Lindau, 2001) found membrane capacitance to be dependent on the density of 

sodium or potassium channels in squid axon and pituitary nerve terminals. In models of 

the squid giant axon, Schmid and others (2004) concluded that “The membrane 

capacity at rest exhibits a bell-shaped dependence on the ion channel density.” The 

changes in membrane capacitance are attributed to gating currents, which are minute 

currents in the channel proteins themselves, associated with conformation changes 

between the open and closed states.  For the squid giant axon, the change in membrane 

capacitance due to sodium channel gating currents ranged up to 0.15 µF per cm
2
 

(Fernandez and others 1982), which is a 15% difference. Kilic and Lindau (2001) found 

the maximum capacitance change around 0.10 µF in pituitary nerve endings, which is a 

3% difference in pituitary capacitance, however the average was lower at 0.03 µF, 

which is a 1% difference.  Thus, although the evidence is very limited, the maximim 

possible capacitance change to due ion channels would appear to be 15%, and a more 

typical value would be between 1% and 5%. 
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Validation of the Exponential Model 

 The second finding of this study is that the exponential model is the most 

suitable of the three models for use in studying the effects of non uniform membrane 

capacitance and for interpreting experimental studies.  It may be the simplest 

mathematical form of models that have a continuous capacity gradient.  This is 

evidenced by the fact that is the first and only continuous gradient model that has been 

solved to date. 

 The exponential model showed the most stable parameter dependence in the 

sense the decay components (eigenfunctions and eigen values) that comprised the 

decay responses varied the most smoothly and predictably as the parameters were 

varied (see next section for more discussion about stability).  The exponential model 

also provided the best fit to experimental data. 

Limited Applicability of the Point Capacitance Model 

 The third finding of the present study is that the use of an increased or 

decreased capacitance at a particular point (an infinitely small point) is not a good 

model for continuously graded capacitance.  Instead, models with either exponentially 

distributed or stepped changes in capacitance have important advantages, one of which 

is ability to fit experimental data and the other is the ability to use the models for 

parameter identification.   

 Although we could not find any previous cases in the literature where models 

with point capacitances were studied, there many cases in which point resistance 
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changes have been studied.  The most common of these is the shunt soma model for 

neurons (Durand 1984; Majors and others 1993, Poznanski 1996; Maltenfort and 

Hamm 2004). Several investigations have shown that models with point resistance 

changes in membrane properties are both biologically unrealistic and have undesirable 

analytic properties (Glenn and Knisley 1999; White and others 1992;  Fleshman and 

others 1988).  The primary problem is that point changes are mathematically ill-posed.  

The ill-posed nature of the inverse problem for a point change is illustrated by how a 

miniscule changes in waveform geometry can be induced by a relatively large change 

in 
sτ .  This was also shown by White and others (1992) for point resistance changes in 

membrane cylinders. 

 In our opinion, point changes in membrane properties, including conductance 

and capacitance, mitigate many of the advantages of using mathematical models to 

analyze the structure and function of cells, and so, should be avoided.  Several previous 

studies have made similar findings in regard to point conductance models (White and 

others 1992 ; Glenn and Knisley 1999), but models that incorporate point changes in 

conductance (such as a somatic shunt in neurons) continue to be used.   

 The point model be avoided, even in cases where the capacitance is varies 

markedly in a small area (such as that caused by sodium channels at nodes of Ranvier 

of axons or at the axon hillock in neurons). For such cases, if the exponential model is 

not suitable, the step model should be used with a small, but not infinitesimally small, 

Z.  The step model approximated the point model if Z<0.2 in the step model, and 

became identical point model as 0Z → .  Thus, it is generally recommended that Z>0.2 

when using the step model. 
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Conclusion 

 This study is the first to derive the solutions for an analytic mathematical model 

of membrane cylinders (such as tube- or fiber-shaped cells or cylindrical processes 

such as dendrites) with spatially-varying membrane capacitance.  Solved models are 

provided for point, stepped, and exponential capacitance changes with longitudinal 

distance along a cylinder.  Comparison of the passive voltage responses of the three 

models to impulse stimuli and curve fitting of the responses to experimental voltage 

responses curve data from neurons found the exponential model to be the preferred 

model.  Variation in the membrane capacitance of the exponential model of 5%, which  

is range found experimentally by others previously, produced only a 1.5% change in 

the half-time of the responses to impulses.  The conclusion is drawn that the 

widespread assumption of uniform membrane capacitance over the surface of a cells is 

valid, in the sense that the degree of non uniformity found in cells is unlikely to affect 

electrical stimulus responses, electrotonic lengths, and postsynaptic propagation. 
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Tables 

Table 1. Comparison of step change in membrane conductance with an exponential 

spatial variation in membrane conductance for a voltage response at X=0 to a current 

pulse stimulus at X=0 for a membrane cylinder with a length of L = 1
a
. Amplitude 

coefficients are reported as a fraction of steady state. Z is the distance from the origin 

for a step change in membrane capacity (Fig. 1, inset).  

  
Model 

 

0τ (ms) 

 

0A  

 

1τ (ms) 

 

1A  

     

Exponential 4.822 0.7551 0.4334 0.1481 

0 2Z = .  4.900 0.7543 0.4355 0.1465 

0 3Z = .  4.850 0.7524 0.4304 0.1497 

0 4Z = .  4.801 0.7515 0.4282 0.1522 

 

a
The first two Fourier coefficients were computed numerically using the eigenslope 

method (Knisley and Glenn 1997), and then verified using analytical expressions. The 

eigenvalues were found using a bisection method, and the slopes at the eigenvalues 

were found by the divided difference method (see Equation 4 in Section 7.1 of Kincaid 

and Cheney 1991).  The 0τ  and 1τ  were computed for the point capacitance model with 

0.9sC = µF, 1mC = µF, Rm = 5,000 Ω, 1L = , and 0 5 1 2 3ρ = . , , , .  



Knisley and Glenn, p. 30 

Table 2. Comparison of point change in conductance (somatic shunt model) with an 

exponential spatial variation in membrane conductance (present model).  

  
Model 

 

0τ (ms) 

 

1τ (ms) 

   

Exponential 4.822 0.4333 

Point, 5ρ = .  4.701 1.0493 

Point, 1ρ =  4.786 0.8738 

Point, 2ρ =  4.863 0.7131 

Point, 3ρ =  4.899 0.6396 
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Table 3. Eigenvalues and Fourier coefficients for decomposed experimental waveform 

(voltage responses to current step) and for model with exponentially-varying membrane 

conductance. Experimental data came from a spinal motoneuron from Glenn and others 

(1987). Amplitude coefficients are reported as a fraction of the steady state value, 

0 01266V = . .   

  

Experimental Data 

 

Model Prediction 

   

0τ  5.28 ms 5.28 ms 

1τ  0.787 ms 0.866 ms 

0A  0.4779 0.4826 

1A  0.3791 0.2891 
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Table 4. Change in decay times in membrane cylinders with exponentially distributed 

non uniformity in Cm. The Cm was decreased across [0,L] by 2% to 20%, decreased 

across [0,L] from -2% to -20%, and made constant (0%).  In all cases, the average Cm 

across [0,L] remained constant (see 0%) at RmCm = 0.01 s. Other parameters:  L=1, I
stim

 

= G
∞
.  

 

Percentage Increase 

 in Cm  

 

90% Decay Time 

(ms) 

 

50% Decay Time 

(ms) 

 

10% Decay Time 

(ms) 

    

20% 0.12772 3.98 18.87 

10% 0.14597 4.16 19.66 

5% 0.15519 4.25 20.04 

2% 0.15628 4.29 20.24 

0% 0.15693 4.31 20.30 

-2% 0.15774 4.33 20.51 

-5% 0.15883 4.37 20.70 

-10% 0.15948 4.41 21.06 

-20% 0.15987 4.52 21.626 
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Figure Legends 

Fig. 1. Dependence of decay time (τ ) on electronic length (L) in the exponential model 

with a 10% origin-to-terminal capacitance change.  Inset diagram summarizes the 

stimulation (I
stim

) and response (Vm) points at X=0 and the longitudinal capacitance 

distribution in the point, step, and exponential models.   

Fig. 2. A: Voltage response at the X=0 for the exponentially varying membrane 

capacity model. The parameters are Rm , C, Cm, L and G∞ , where for each of the curves 

the membrane capacitance at X=0 (C) is indicated in the plot, and Cm = 1.0 µF, Rm =10
4 

Ω-cm , 1L =  and stimG I∞ = .    B: Voltage response for the point model with the same 

parameters as in A.   

Fig. 3. Experimental data (solid line) fit with a recording from the exponentially 

varying membrane capacity model (dashed line), from 1 ms to 10 ms. 

Fig. 4. Effect of Cm non uniformity of 20% on passive voltage responses of a 

membrane cylinder.  Average Cm over the cylinder was the same in all three models, 

but it decreased exponentially with distance in the upper curve (from 1.1 µF at X=0 to 

0.9 at X=L=1), was constant in the middle curve, and increased exponentially with 

distance in the lower curve (from 0.9 µF at X=0 to 1.1 at X=L=1).  Other parameters:  

L=1, Rm =10
4 Ω-cm, I

stim
 = G

∞
. 
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