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Abstract. Let K, ,, denote the complete bipartite graph on m+n vertices
with partite sets of cardinalities m and n. We give necessary and sufficient
conditions for the existence of a 6-cycle packing of K, ;.

1. Introduction

A decomposition of a simple graph G into isomorphic copies of a graph
g is a set {g1,92,..., gn} where g; = g and V(g;) C V(G) for all 1,
n

E(gi)mE(gj) = for ¢ # j, and U E(g;) = E(G), where V(G) is the

1=1
vertex set of graph G and E(G) is the edge set of graph G. We will refer
to such a decomposition as a “g decomposition of G.” In the event that a
g decomposition of G does not exist, we can ask the question “How close
can we get to a g decomposition of G?”
A mazimal packing of a simple graph G with isomorphic copies of a
graph ¢ is a set {g1,92,...,9n} where g; = g and V(g;) C V(G) for all i,
n

E(g:;) (N E(gj) =0fori # j, U gi C G,and |E(G) \ U;—, E(g:)| is minimal.
i=1

The set of edges for the leave, L, of the packing is F(L) = E(G)\U;—, E(g:)-

Packings of complete graphs have been studied, for example, for the graph

g a 3-cycle [4], a 4-cycle [5], K4 [1], and a 6-cycle [2, 3].

Let Ky, n denote the complete graph on m +n vertices with partite sets
of cardinalities m and n. Throughout this paper, unless noted otherwise,
we denote the partite sets as V,,, and V,,, where V,,, = {11,21,...,m1}
and V,, = {12,22,...,n2}. We denote the 6-cycle, Cs or “hexagon,” with



edge Set {(a” b)’ (b’ C)’ (C’ d)’ (d’ e)’ (65 f)’ (f’ a)} as [a” b’ C’ d’ e’ f] (a'nd a'na'l_
ogously for other length cycles). The purpose of this paper is to give neces-
sary and sufficient conditions for a maximal packing of K, ,, with hexagons.

Conditions for a hexagon decomposition of K,, , were given by Sotteau
[6]:

Theorem 1.1 The complete bipartite graph K, , can be decomposed into
hexagons if and only if m =0 (mod 6) and n =0 (mod 2), n > 4.

2. The Packing Results

We now consider hexagon packings of K, .

Lemma 2.1 A hezagon decomposition of K, , \ M, where M is a perfect
matching of Ky, n, exists if and only if n =1 or 3 (mod 6).

Proof. First we need |E(K,, \ M)|=n?>—-n=0 (mod 6),so n =0 or 1
(mod 3) is necessary. Since each vertex of a hexagon is of even degree and
each vertex of K, , \ M has degree n — 1, we need n odd. Therefore n =1
or 3 (mod 6) is necessary. In this lemma, we assume the vertex set of K, ,,
has partite sets {01,11,...,(n — 1)1} and {0z, 12,...,(n —1)2}.

We now consider cases. In each case, the vertex labels are reduced
modulo n and the collection of hexagons form a decomposition of K, ,.
Case 1. Suppose n = 1 (mod 12), say n = 12k + 1. Consider the hexagons:
{lir, (125+4)a, (12k+)1, (125 +141)2, (12k—144)1, (125 +4+1)2], [ir, (125+
5+ )2, (12k — 14 )1, (125 + 7 + )2, (12k + 1)1, (125 + 10 + i)g] | i =
0,1,...,12k;5 = 0,1,...,k — 1}. In this case, E(M) = {(i1, (12k 4+ 4)2) |
i=0,1,...,12k}.

Case 2. Suppose n = 7 (mod 12), say n = 12k +7. Consider the hexagons:
{lir, (125 + i)o, (12k + 6 + )1, (125 + 1 + i)o, (12k + 5 + i), (125 + 4 +
)2, [i1, (124+5+1)2, (12k+544)1, (1254 7+4)2, (12k+6+14)1, (125+10+4)4] |
i=0,1,...,12k+6:5=0,1,...,k—1}U{[iy, (12k+i)a, (12k+6+1)1, (12k+
1+ 14), (12k+5 + )1, (12k +4+1)s] | i = 0,1,...,12k + 6}. In this case,
E(M)={(i1,(12k+5+4+14)2) | i=0,1,...,12k + 6}.

Case 3. Suppose n = 3 (mod 36), say n = 36k + 3. Consider the hexagons:
{lir, (125 + i)2, (36k + 2 + )1, (12] + 1 + i)o, (36k + 1 + )1, (125 + 4 +
1)a], [i1, (124+5+1)2, (36k+144)1, (1254 7+4)2, (36k+2+14)1, (125+10+4)4] |
i=0,1,...,36k+27=0,1,....k—1yU{[ir, (12j + 12k +7+14)2, (36k+2+
i1, (12)+ 12k +8+14)a, (36k+1+1)1, (125 + 12k + 11 +14)a], [i1, (125 + 12k +
12+4)2, (36k+1+1)1, (12j-+12k+1441)s, (36k+2-+i)1, (12j+12k+17+i)a] |
1=0,1,...,36k4+2;=0,1,..., k—2}YU{[i1, (125 +24k+14+1), (36k+2+
1)1, (1254 24k+15+41)2, (36k+141)1, (125 +24k+18+41)o], [i1, (125 +24k+
19+4)a, (36k+1+1)1, (12j-+24k+2141)a, (36k+2-+i)1, (12)+24Kk+24+4)s] |



i=0,1,...,36k+2:5=0,1,...,k—2}U{[iy, (12k+i)a, (36k+1+i)1, (12k+
2+1)a, (36k+2+14)1, (12k+5+14)a], [i1, (24k — 5+1)2, (36k-+2+14)1, (24k —
A+ 1)a, (36K + 1+ 1)1, (24k — 1 +)a], [i1, (24K + 1), (36K + )1, (24k + 2 +
i)z, (36K + 1 +14)1, (24K + 6 + )2, [i1, (24k + 7 + )2, (36K + 1 + 1)1, (24K +
9+ 1)a, (36k + 2+ 1)1, (24k +12+)a] | i = 0,1, ..., 36k + 2} U {[i1, (12k +
1+ 1)a, (24k + 2+ 1)1, d0, (126 + 1 + )1, (24k + 2 +14)a] | i = 0,1, ..., 12k}.
In this case, E(M) = {(i1, (36k+2+1)2) | i=0,1,...,36k + 2}.

Case 4. Suppose n = 9 (mod 36), say n = 36k +9. Consider the hexagons:
{li, (125 + 4)2, (36k + 8 + 4)1, (125 + 1 + i)a, (36k + 7 + 1)1, (125 + 4 +
)2], [i1, (12 +5+1)2, (36k+T7+1)1, (12j4741)2, (36k+8-+1)1, (125+10+1)2] |
i=0,1,...,36k+8;j=0,1,....k—1YU{[ir, (12j + 12k +7+1)2, (36k +8+
i1, (125 + 12k +8+1)2, (36k-+T7+1)1, (12)+ 12k + 11 +14)2], [i, (12j+ 12k +
12+4), (36k+7+1)1, (12 +12k+14+1)a, (36k-+8+1)1, (12j+12k+17-+4)2] |
i=0,1,...,36k+8=0,1,..., k—2YU{[i1, (12j+24k+14+17)2, (36k+8+
i1, (125 424k +15+1)2, (36k +7+1)1, (12) + 24k + 18 +4)a], [i1, (125 + 24k +
19+4), (36k+7+1)1, (125 +24k+21+1)a, (36k-+8+1)1, (12j+24k+24-+4)s] |
i=0,1,...,36k+85=0,1,..., k—2}U{[ir, (12k+1)a, (36k+8-+i)1, (12k+
34 4)2, (14 1)1, (12 + 6 +4)a], [i1, (24k — 5 +14)2, (36k + 8 + 1)1, (24k — 4 +
i)z, (36K + 7 + 1)1, (24k — 1 + 4)a), [iv, (24k + 1), (36k + 7 + 1)1, (24k + 1 +
i)a, (36k +6+1)1, (24k +5+1)a], [i1, (24k + T +1)a, (36k+ 7 +1)1, (24k+9+
)2, (36k + 8+ 1)1, (24k + 12+ 0)2), [i1, (36k + 2 + i)2, (36k + 8 4+ 4)1, (36k +
3+41)a, (36k+T74+1)1, (36k+6+14)2] | i =0,1,...,36k+8}U{[i1, (12k+3 +
i)a, (24k + 6 + i)1, i2, (12k + 3 + )1, (24k + 6 +14)2] [ i = 0,1, ..., 12k + 2}.
In this case, E(M) = {(i1, (36k+7+1)2) |i=0,1,...,36k + 8}.

Case 5. Suppose n = 15 (mod 36), say n = 36k + 15. Consider the
hexagons: {[i1, (127 41)2, (36k+14414)1, (125 4+1414)2, (36k+13+1i)1, (125+
A+1)a], [i1, (125 +5+1)2, (36k+13+1)1, (12j+7+i)a, (36k+14+4)1, (12j+
10+1)s] | =0,1,...,36k+14;5 = 0,1,...,k — 1} U {[i1, (12f + 12k + 7+
i)a, (36k + 14 +4)1, (12) + 12k + 8 + i)a, (36k + 13 + 1)1, (125 + 12k + 11 +
i)a], [i1, (125 + 12k + 12 4 i)y, (36k + 13 + 1)1, (125 + 12k + 14 + i), (36K +
14+ 1)1, (12§ + 12k + 17 +4)o] | i = 0,1,...,36k+ 14;5 = 0,1,....k — 1} U
{li1, (125 + 24k 4 14 4-0)2, (36k + 14 + )1, (125 + 24k + 15 + )2, (36k + 13 +
i1, (125 +24k +18+1)a], [i1, (12)+24k+19+17)a, (36k+13+1)1, (12j+24k +
21 +1)a, (36k + 14 4 i)y, (12 + 24k + 24 +i)a] | i = 0,1,...,36k + 14;j =
0,1,...,k—1}U{[ir, 12k +13)2, (36k + 14+ )1, (12k + 1 +1)2, (36K + 13 +
i)1, (12k + 4 4 4)2], [i1, (24k + 7+ 4)2, (36K + 14 + 1)1, (24k + 10 + 7)o, (1 +
i)y, (24k+13414)a) | i =0,1,...,36k+ 14} U{[iy, (12k+5+1)s, (24k+ 10+
i)1,i2, (12k + 5+ )1, (24k + 10 +4)2] | i = 0,1,...,12k + 4}. In this case,
E(M) ={(i1,(36k +14+1)2) | i =0,1,...,36k + 14}.

Case 6. Suppose n = 21 (mod 36), say n = 36k + 21. Consider the
hexagons: {[i1, (127 41)2, (36k+20414)1, (125 4+1414)2, (36k+19+1i)1, (125 +
A+1)a], [i1, (125 +5+1)2, (36k+19+1)1, (12j+7+i)2, (36k+20+4)1, (12j+
10+14)s) [i=0,1,...,36k+20;5=0,1,....k—1}YU{[i1, (125 + 12k + 19+



i)2, (36k + 20 + 1)1, (125 + 12k + 20 + )2, (36k + 19 + 1)1, (125 + 12k + 23 +
i)a], li1, (12) + 12k + 24 + )2, (36k + 19 + 1)1, (125 + 12k + 26 + 1), (36k +
20+ 1)1, (12 + 12k + 29 +14)o] | i = 0,1, ...,36k+20;j = 0,1,...,k — 2} U
{li1, (125 4 24k + 26 + i), (36k +20 4 1)1, (12 + 24k + 27 + )3, (36k + 19+
i)1, (12) 424k +30+1)a], i1, (12j+24k+31+4)a, (36k-+19+1)1, (125 +24k+
33 + i), (36k + 20 + 1)1, (12 + 24k + 36 + i) | i = 0,1,..., 36k + 20; j =
0,1,....k—2yU{[ir, (12k + 1), (36K -+ 20 + )1, (12k + 1 +1)2, (36k + 19 +
i1, (12k+4+1)a], [i1, (12k+5+1)a, (36k+18+1)1, (12k+7+17)2, (36k+19+
i1, (12k+11+1)a), [i1, (12k+12+1)a, (36k +19+1)1, (12k + 14 +1), (36k +
20+1)1, (12k+17+4)a], [i1, (24k+T+1)a, (36k+20-+4)1, (24k+8+1)a, (36k+
19 + 1)1, (24k + 11 + )a], [i1, (24k + 12 + )2, (36k + 18 + 1)1, (24k + 14 +
i)2, (36K +19+1)1, (24k + 18 +14)a], [i1, (24k +19+14)a, (36k +19+1) 1, (24K +
91+4)a, (36k+20+7)1, (24k+24+)2), [i1, (36k-+1444)2, (36k+20+1)1, (36k+
15+1)a, (36k +19-+1)1, (36k +18+14)s] | i = 0,1, ..., 36k +20} U{[i1, (12k +
T41)a, (24k+14+44)1, ia, (12k+7+i)1, (24k+14+i)s] | i =0, 1,. .., 12k+6}.
In this case, E(M) = {(i1, (36k +19+1)2) | i =0,1,...,36k + 20}.

Case 7. Suppose n = 27 (mod 36), say n = 36k + 27. Consider the
hexagons: {[i1, (127 41)2, (36k+26414)1, (1254 1414)2, (36k+25+1)1, (125 +
A+1)a], [i1, (125 +5+1)2, (36k+25+1)1, (12j+7+i)2, (36k+26+i)1, (12j+
10+14)s) [i=0,1,...,36k+26;5=0,1,....k—1YU{[i1, (125 + 12k + 19+
i)2, (36k + 26 + 1)1, (125 + 12k + 20+ i)a, (36k + 25 + 1)1, (125 + 12k + 23 +
i)a], li1, (12) + 12k + 24 + 1)y, (36k + 25 + 1)1, (125 + 12k + 26 + 1), (36k +
26+ 1)1, (12 + 12k + 29 +14)o] | i = 0,1,...,36k+ 26,5 = 0,1,...,k — 2} U
{li1, (125 4 24k + 26 + i), (36k +26 + 1)1, (12 + 24k + 27 + )3, (36k + 25 +
i1, (125 4 24k +30)], i1, (125 + 24k + 31 + 1), (36k + 25 + 1)y, (12j + 24k +
33 + i), (36k + 26 + 1)1, (12 + 24k + 36 + i) | i = 0,1,..., 36k + 26;j =
0,1,....k—1}U{[ir, (12k + i), (36K -+ 26 + )1, (12k + 1 +1)2, (36k + 25 +
i1, (12k+4+1)a], [i1, (12k+5+1)a, (36k+25+1)1, (12k+6+1)a, (36k+23+
)1, (12k + 11+ )2, [ir, (12k + 12 +4)a, (36K +26 +1)1, (12k + 15 +14)2, (1 +
i1, (125 + 18 + 1)), [i1, (24k + 7+ )2, (36k + 26 + 1)1, (24k + 8 + 1), (36k +
25 + i)1, (24k + 11 + i)a], [i1, (24K + 12 + i)a, (36K + 25 + )1, (24k + 13 +
i)z, (36K +24+1)1, (24k +17 +14)a], [i1, (24k + 19 +14)a, (36k +25+1)1, (24K +
21 + 1), (36K + 24 + 1)1, (24k -+ 22+ i)2]} U {[i1, (12k + 9 + 1), (24K + 18 +
i)1,iz, (12k + 9 + )1, (24k + 18 +4)2] | i = 0,1,...,12k + 8}. In this case,
E(M) ={(i1,(36k+26+1);) | i=0,1,...,36k + 26}.

Case 8. Suppose n = 33 (mod 36), say n = 36k + 33. Consider the
hexagons: {[i1, (127 41)2, (36k+32414)1, (125 4+1414)2, (36k+31+1i)1, (125+
A+1)a], [i1, (125 +5+1)2, (36k+31+i)1, (12j+7+i)a, (36k+32+i)1, (12j+
10+4)o] | i=0,1,...,36k+325=0,1,...,k—1}U{[i1, (12j + 24k + 26 +
i)2, (36k + 32+ 1)1, (12 + 24k + 27 + i)a, (36K + 31 + )1, (125 + 24k + 30 +
i)a], li1, (12] + 24k + 31 +1)2, (36k + 31 + 1)1, (125 + 24k + 33 + 1), (36k +
324+ 14)1, (125 + 24k + 36 +14)o] | i = 0,1,...,36k+32;j = 0,1,...,k — 1} U
{[i1, (12K + )2, (36K + 32 + )1, (12k + 1 + )2, (36k + 31 + 1)1, (12k + 4 +



i)a], [i1, (12k + 5 +1)a, (36K + 31 +4)1, (12k + 6 + )2, (36k + 30 +14)1, (12k +
10 + i)), [i1, (12k + 12 4 i)2, (36k + 31 + )1, (12k + 14 + i)2, (36k + 32 +
)1, (12k+17+14)3), [i1, (36K +26+1), (36k +32+1)1, (36k +27 +1)a, (36k +
3141)1, (36k+30+1)9] | i =0,1,...,36k+32} U{[i1, (12k+11+1)s, (24k +
22+ 1)1, ig, (12k + 11 41)1, (24k +22+14)5] | i = 0,1,..., 12k + 10}. In this
case, BE(M) = {(i1, (36k + 314 i)2) | i = 0,1, ..., 36k + 32}. |

Lemma 2.2 A mazimal hexagon packing of K, , where m is even and n
is odd (m > 4,n > 3) has a leave L satisfying |E(L)| = m + k where k is
the smallest nonnegative integer such that |E(Kpn)| — (m +k) =0 (mod
6).

Proof. Since each vertex of V,,, is of odd degree in K, ,, in the leave of a
packing each of these vertices will be of odd degree. Therefore in a packing
of Ky, n with leave L, it is necessary that |E(L)| > m. Since K, , is a
union of L and a collection of hexagons, then |E(Ky, »)| = |E(L)| (mod 6).
So in a maximal packing, it is necessary that |E(L)| = m + k where k is as
described. We now establish sufficiency.

Case 1. Suppose m = 0 (mod 6) and n = 1 (mod 2). Now K,,, =
Kmn-3U % x (K33\ M)U % x M where the partite sets of K, 3
are Vp, and V, \ {12,292, 32}, the partite sets of the ith K33\ M are
{(3i —2)1, (3i — 1)1, (37)1} and {13,22,32}, and M is a perfect matching of
K3 3. Now K, ,—3 can be decomposed into hexagons by Theorem 1.1 and
each K33\ M can be decomposed into hexagons by Lemma 2.1. Therefore
a maximal packing of K, , will have a leave L where |E(L)| = m.

Case 2. Suppose m = 0 (mod 2), m > 4, and n = 1 (mod 6). Now
K = Kmn—1US,, where the partite sets of Ky, ,—1 are Vy,, and V,,\ {12},
and the edge set of Sy, is {(i1,12) | i =1,2,...,m}. Now K, ,—1 can be
decomposed into hexagons by Theorem 1.1. Therefore a maximal packing
of Ky, », will have a leave L where |E(L)| = m.

Case 3. Suppose m = 2 (mod 6), m > 4, and n = 3 (mod 6). Now
|[E(Kmn| —m = 4 (mod 6), so it is necessary that a packing have a
leave L with |E(L)] > m + 4. Now Kppn = Kpmn-3 U (Km-s3 \ M)U
2x Cs UMUI12 x Ky where the partite sets of Ky, ,—3 are V,, and
Vi \ {12, 22, 32}, the partite sets of K,,,_g 3\ M are {91,104,...,m1} and
{12, 22,32}, M is a collection of m — 8 edges of K,,_s 3 as described in Case
1, 2 x Cs = {[31,22,41, 32,51, 1], [61, 32, 81, 22, 71, o]}, and 12 x Ky =
{(11a 12)) (11, 22)) (11, 32)) (21, 12)) (21, 22)) (21, 32)) (31, 32)) (41, 12)) (51, 22))
(61,22), (71,32), (81,12)}. Now K, n—3 can be decomposed into hexagons
by Theorem 1.1 and K,,_g3 \ M can be decomposed into hexagons by
Case 1. Therefore a maximal packing of K, ,, will have a leave L where
|E(L)| = |[E(M)| + |E(12 x Ky)| = m + 4.

Case 4. Suppose m = 2 (mod 6), m > 8, and n = 5 (mod 6). Now



|E(Kmn) —m = 2 (mod 6), so it is necessary that a packing have a
leave L with |E(L)] > m + 2. Now Kppn = Kpmn-s U (Km-s5 \ M) U
5 x Cs U 10 x Ky where the partite sets of Ky, ,—5 are Vi, and V, \
{12, 22, 32, 42, 52}, the partite sets of Km78,5 \ M are {91, 101, ceey ml} and
{12,292, 32,42, 52}, M is a collection of m—8 edges as described in Case 1, 5%
Cs = {[11, 12, 21, 29, 31, 32|, [21, 32, 41, 52, 31,42, [51, 12, 61, 22, 71, 32], [61, 32,
81,59, 71, 42], [81, 12, 41, 22, 11, 4o]}, and 10x K5 = {(11, 52), (21, 52), (31, o),
(41, 42), (51, 22), (51, 42), (51, 52), (61, 52), (71, 12), (81, 22)} Now Km,n75
can be decomposed into hexagons by Theorem 1.1 and K,,_g5 \ M can
be decomposed into hexagons by Case 1. Therefore a maximal packing of
K, will have a leave L where |E(L)| = |[E(M)| + |E(10 x K3)| =m + 2.
Case 5. Suppose m = 4 (mod 6) and n = 3 (mod 6). As in Case 4, a
packing with leave L satisfies |E(L)| > m + 2. Now Ky pn = K3 U
(Km—43\M)UCs UM U6 x Ky where the partite sets of Ky, _3 are Vi,
and V,, \ {12, 22, 32}, the partite sets of K,,,_4,3\ M are Vi, \ {11,241, 31,41}
and {13,22,32}, M is a collection of m — 4 edges of K,,_4 3 as described in
Case 1, CG = [11, 12, 21, 22, 31, 32], and 6 x K2 = {(11, 22), (21, 32), (31, 12),
(41,12), (41,22), (41,32)}. Now K, n—3 can be decomposed into hexagons
by Theorem 1.1 and K,,_43 \ M can be decomposed into hexagons by
Case 1. Therefore a maximal packing of K,, , will have a leave L were
E(L)| = |E(M)| + |E(6 x K3)| = m +2.

Case 6. Suppose m =4 (mod 6) and n = 5 (mod 6). As in Case 3, a pack-
ing with leave L satisfies |[E(L)| > m+4. Now Ky p = Kimn—sU (Km—a5\
M)U2x CsUM U8 x Ky where the partite sets of K, ,_5 are V;,, and V,, \
{12, 22, 32, 42, 52}, the partite sets of Km,475\M are Vm\{ll, 21, 31, 41} and
{12, 22, 32,42, 52}, M is a collection of m — 4 edges of K,,,_4 5 as described
in Case 1, 2 x CG = {[11, 12, 21, 22, 31, 32], [21, 32,41, 52, 31,42]} and 8 X
Ky = {(11,22), (11,42), (11, 52), (21, 52), (31, 12), (41, 12), (41, 22), (41,42) }-
Now K, n—5 can be decomposed into hexagons by Theorem 1.1 and K4 5\
M can be decomposed into hexagons by Case 1. Therefore a maximal pack-
ing of Ky, , will have aleave L where |E(L)| = |E(M)|+|E(8x K3)| = m+4.

Lemma 2.3 A mazimal hexagon packing of K, , where m and n are both
odd, m > n > 3, has a leave L satisfying |E(L)| = m + k where k is the
smallest nonnegative integer such that |E(Kpn)| — (m+ k) =0 (mod 6).

Proof. The necessary conditions follow as in Lemma 2.2. We now establish
sufficiency.

Case 1. Suppose m = 1 (mod 6), n = 1 (mod 6), and m > n. Now
Kpn = (Knn \ M1) U (Km—nn \ M2)UM; UM, where the partite sets of
Kpn \ My are {11,21,...,n1} and V,,, M; is a perfect matching of K, »,
the partite sets of Kp_pn.n \ Mz are {(n 4+ 1)1, (n + 2)1,...,m1} and V,,



and M is a set of m —n edges of K, , as described in Case 1 of Lemma
2.2. Now K, \ M; can be decomposed into hexagons by Lemma 2.1
and Kp,_pn n \ M2 can be decomposed into hexagons by Lemma 2.2 Case 1.
Therefore a maximal packing of K, , will have a leave L where |E(L)| = m.
Case 2. Suppose m =1 (mod 6), n =3 (mod 6), and m > n. As in Case
4 of Lemma 2.2, a packing with leave L satisfies |E(L)| > m + 2. Now
Kpn = (Knn \ M1) U (Km—nn \ M2)UM; UM, where the partite sets of
Kpn \ My are {11,21,...,n1} and V,,, M; is a perfect matching of K, »,
the partite sets of Kp_pn.n \ Mz are {(n 4+ 1)1, (n + 2)1,...,m1} and V,,
and M is a set of m — n + 2 edges of K,,_, n as described in Case 5 of
Lemma 2.2. Now K, , \ M; can be decomposed into hexagons by Lemma
2.1 and Kp_pnn \ Mz can be decomposed into hexagons by Lemma 2.2
Case 5. Therefore a maximal packing of K, ,, will have a leave L where
|E(L)] =m+2.

Case 3. Suppose m =1 (mod 6), n =5 (mod 6), and m > n. As in Case
3 of Lemma 2.2, a packing with leave L satisfies |E(L)| > m + 4. Now
Km,n = (Kn74,n74 \ Ml) U (Kmfn+4,n \ M2) U (Km,él \ MB) U Ml U M2 U
M3 where the partite sets of Kp,_4,—4 \ My are {11,21,...,(n —4);} and
Vo \{(n—=3)2, (n—2)2, (n—1)2,n2}, M; is a perfect matching of K,,_4 n_a,
the partite sets of Ky pntan \ Mz are {(n —3)1,(n —2)1,...,m1} and V,
and My is a set of m —n + 4 edges of K,,—yp14,n as described in Case 1
of Lemma 2.2, the partite sets of K, 4 \ M3 are V,,, and {(n — 3)2, (n —
2)2, (n—1)2,n2}, and M3 is a set of 4 edges as described in Case 1 of Lemma
2.2. Now Ky _4,n—4a\ My can be decomposed into hexagons by Lemma 2.1,
and Kp_pnian \ M2 and K, 4 \ M3 can be decomposed into hexagons by
Lemma 2.2 Case 1. Therefore a maximal packing of K, , will have a leave
L where |E(L)| = m + 4.

Case 4. Suppose m = 3 (mod 6), n = 1 (mod 6), and m > n. This
case follows the same as Case 1, but in this case Kp_pn.n \ M2 can be
decomposed into hexagons by Lemma 2.2 Case 2. Again, the leave L in a
maximal packing satisfies |[E(L)| = m.

Case 5. Suppose m = 3 (mod 6), n = 3 (mod 6), and m > n. This
case follows the same as Case 1. Again, the leave L in a maximal packing
satisfies |E(L)| = m.

Case 6. Suppose m = 3 (mod 6), n = 5 (mod 6), and m > n. Now
Km,n = Bn-54 U Kmfn+4,nf5 U Kmfnf4,4 U (Kn74,n74 \ M) U6 x CG U
8 X K3 U Sy,—n—4 where the partite sets of K,,_5 4 are {11,21,...,(n—5)1}
and {(m — 3)2, (m — 2)2, (m — 1)2, ma}, the partite sets of Ky,_ni4n_5
are {(n —3)1,(n —2)1,...,m1} and V, \ {(n — 4)2, (n — 3)2, (n — 2)2, (n —
1)2,n2}, the partite sets of Ky—pn_4.4 are {(n +5)1,(n+6)1,...,m1} and
{(n — 3)2,(n — 2)2,(n — 1)2,n2}, the partite sets of K, _4n—4\ M are
{11, 21, ceey (n - 4)1} and Vn \ {(n - 3)2, (n - 2)2, (n - 1)2,712}, M is a
perfect matching of K,,_4 ,_4 containing the edge ((n —4)1, (n —4)2), 6 x



Co = {[(n = 3)1,(n = 3)2,(n — 4)1,(n — 1)2,n1, (n — 2)2],[(n — 1)1,(n —

3)2,7’1,1, (n - 4)2, (n - 2)1,7’),2], [(n - 3)1, (n - 1)2, (n - 1)1, (n - 2)2, (n —
4)1a n2]a [(n+1)1a (TL—3)2, (TL—|—2)1, (TL—4)2, (TL—|—3)1, (n_2)2]a [(n+2)1a (TL—
2)2a (TL—|—4)1, n2, (TL—|—3)1, (TL— 1)2]a [(TL—2)1, (TL—3)2, (TL—|—4)1, (TL—4)2, (TL—|—
D1, (n = 1]}, 8 x Kz = {((n = 3)1, (n — 4)2), (n — 2)1, (n = 2)2), ((n —
1>1a (TL—4)2), (nla n2)a ((n+1)1a n2)a ((n+2)1a n2)a ((n+3)1a (TL—3)2), ((n+
D1, (n—1)2)}, and E(Sm_n—a) = {((n—4)2, (n+4+0)1) [i=1,2,...,m—

n—4}. Now K54, Km—ntan—s, and Kp,_n_4,4 can be decomposed into
hexagons by Theorem 1.1, and K,_4,-4 \ M can be decomposed into
hexagons by Lemma 2.1. Therefore a maximal packing of K, , will have
a leave L where |E(L)| = |E(M)|+ |E(8 X K3)| + |E(Sm—n—4)| =m.
Case 7. Suppose m = 5 (mod 6), n = 1 (mod 6), and m > n. This
case follows the same as Case 1, but in this case Kp_pn.n \ M2 can be
decomposed into hexagons by Lemma 2.2 Case 2. Again, the leave L in a
maximal packing satisfies |[E(L)| = m.

Case 8. Suppose m =5 (mod 6), n =3 (mod 6), and m > n. As in Case
3 of Lemma 2.2, a packing with leave L satisfies |E(L)| > m + 4. Now
Kpn = (Knn \ M1) U (Km—nn \ M2)UM; UM, where the partite sets of
Kpn \ My are {11,21,...,n1} and V,,, M; is a perfect matching of K, »,
the partite sets of Kp_pn.n \ M2 are {(n 4+ 1)1, (n + 2)1,...,m1} and V,,
and M is a set of m — n + 4 edges of K,,_, n as described in Case 3 of
Lemma 2.2. Now K, , \ M; can be decomposed into hexagons by Lemma
2.1 and Kp,_pn \ Mz can be decomposed into hexagons by Lemma 2.2
Case 3. Therefore a maximal packing of K, ,, will have a leave L where
|E(L)| = |E(M)| + |E(M2)| = m + 4.

Case 9. Suppose m = 5 (mod 6), n = 5 (mod 6), and m > n. As in
Case 4 of Lemma 2.2, a packing with leave L satisfies |[E(L)| > m+ 2. Now
Km,n = K4,n75 U Kn7574 U (Kn74,n74 \ Ml) U (Kmfn,n \ MQ) U3 x CG U
6 x Ko U M; U My where the partite sets of Ky ,,—5 are {11,271, 31,41} and
Vn \ {12, 22, 32, 42, 52}, the partite sets of Kn,574 are Vm \ {11, 21, 31, 41, 51}
and {13, 22, 32,42}, the partite sets of K,,_4 n—4\M; are {51,61,...,n1} and
Vi \{12, 22, 32,42}, M is a perfect matching of K, _4 ,,—4 which contains the
edge (51, 52), the partite sets of Ky,—p o\ Mz are {(n+1)1, (n4+2)1,...,m1}
and V,,, M; is a set of m — n edges as described in Case 1 of Lemma 2.2,
3 x Cs = {[11,29,21,30,51,42], [31, 22, 51, 12, 41, 2], [11, 32, 31,42, 21, 52] },
and 6x = {(11, 12), (21, 12), (31, 12), (41, 22), (41, 32), (41, 42)} Now K47n,5
and K,_5 4 can be decomposed into hexagons by Theorem 1.1, K;,_4 5,4\
M; can be decomposed into hexagons by Lemma 2.1, and K—p pn \ M2 can
be decomposed into hexagons by Lemma 2.2 Case 1. Therefore a maximal
packing of K, , will have a leave L where |E(L)| = |E(M)| + |E(M2)| +
|E(6 x K3)| =m+ 2.



Lemma 2.4 A mazimal hezagon packing of K, ,, where m and n are even,
m,n >4, has a leave L satisfying:

(1) |E(L)] =0 when m =0 (mod 6),

(2) |E(L)] =4 when m=n =2 (mod 6) or m =n =4 (mod 6), and

(3) |E(L)] = 8 when m =2 (mod 6) and n =4 (mod 6).

Proof. We consider cases.

Case 1. Suppose m = 0 (mod 6), n = 0 (mod 2), and n > 4. Then
K, »n can be decomposed into hexagons by Theorem 1.1 and in a maximal
packing, |E(L)| = 0.

Case 2. Suppose m =n =2 (mod 6), m,n > 4, Now |E(Kn »)| = 4 (mod
6), so it is necessary that a packing have leave L with |E(L)| > 4. Now
Kopn = Kim—gnUKg n_gU10 x Cg U Cy where the partite sets of K,—g
are {91,101, ..., m1} and V,,, the partite sets of Kg,_s are {11,21,...,81}
and {92, 102, ceey TLQ}, 10 x CG = {[21, 22, 41, 82, 11, 32], [31, 32, 51, 12, 21, 42],
[41,42, 61,22, 31, 52], [B1, B2, 71, 32,41, 62], [71, T2, 11, 52, 61, 82], [81, 82, 21, 62,
71,12], [81, 32,61, 12,41, T2, [61, 62, 11, 42, 51, 72], [11, 12, 31, 82, 51, 32], [21, 52,
81, 62, 31, 72]}, and C4 = [71, 22, 81,42]. Now Km,gyn and Kgyn,g can be
decomposed into hexagons by Theorem 1.1. Therefore a maximal packing
of Ky, n will have a leave L where |E(L)| = |E(C4)| = 4.

Case 3. Suppose m = n = 4 (mod 6), As in Case 2, a packing with
leave L satisfies |E(L)| > 4. Now Ky = Kp—an UKy n—aU2x CeUCy
where the partite sets of Ky,—4., are Vi, \ {11,21, 31,41} and V,,, the par-
tite sets of K47n,4 are {11,21,31,41} and Vn \ {12,22,32,42}, 2 X CG =
{[11, 12, 21, 22, 31, 32], [41, 12, 31, 42, 21, 32], and 04 = [11, 22, 41, 42] Now
Ky—apn and Ky -4 can be decomposed into hexagons by Theorem 1.1.
Therefore a maximal packing of K, , will have a leave L where |E(L)| =
B(C)| = 4.

Case 4. Suppose m = 2 (mod 6), m > 8, and n = 4 (mod 6). Now
|E(Km.n)| =2 (mod 6), so it is necessary that a packing have a leave L with
|E(L)| > 2. Now each vertex of K,, ,, is of even degree and each vertex of Cg
is of even degree, so for any packing, the vertices of L must be of even degree.
However, we cannot have this property when |E(L)| = 2. So it is neces-
sary that a packing have a leave L with |E(L)| > 8. Now K, , = Kgpn—4U
Kp—8.nU4xCsU2x Cy where the partite sets of Kg 4 are {11,21,...,81}
and V,, \ {12, 22, 32, 42}, the partite sets of K,,_g, are {91,101, ...,m1} and
Vn, 4><CG = {[11, 12, 21, 22, 31, 32], [41, 12, 31, 42, 21, 32], [51, 12, 61, 22, 71, 32],
[81, 12, 71, 42, 61, 32]}, and 2 x 04 = {[11, 22, 41, 42], [22, 51, 42, 81]} Now
Kgn—4 and K,,_g, can be decomposed into hexagons by Theorem 1.1.
Therefore a maximal packing of K, , will have a leave L where |E(L)| =

|E(2 x Cy)| = 8.



Lemmas 2.2-2.4 combine to give our main result.

Theorem 2.1 A mazimal hexagon packing of K, ,, with leave L satisfies
(1) when m =0 (mod 2) and n =1 (mod 2), |E(L)| = m+k where k is the
smallest nonnegative integer such that |E(Kpn)| — (m+ k) =0 (mod 6),
(2) when m =n =1 (mod 2)and m > n, |E(L)| = m + k where k is the
smallest nonnegative integer such that |E(Kpn)| — (m+ k) =0 (mod 6),

(3) when m =0 (mod 6) and n =0 (mod 2), |E(L)| =0,

(4) when m =n =2 (mod 6) or m =n =4 (mod 6), then |E(L)| =4, and
(5) when m =2 (mod 6) and n =4 (mod 6), then |E(L)| = 8.
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