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III. The Time-Independent Schrodinger Equation

A. Stationary States.

1. How does one determine the wave function W(z, t) from first prin-
ciples?

a) It is solved through a knowledge of V' (i.e., the potential
energy function) in the Schrédinger equation.

b) In this class, we will assume that the potential V' is in-
dependent of t => then the Schrodinger equation can be
solved by the method of separation of variables:

V(x,t) = (z) f(E) (I1-1)

where ¢ (lowercase) is a function of x alone and f is a
function of ¢ alone.

c) For separable solutions we have

ov df PU &
o Yw T ar
(ordinary derivatives now) and the Schrodinger equation
(Eq. II-1) becomes

f (111-2)

daf B d*
=g VS (I11-3)

d) Dividing through by ¥ f gives

i

1 21 2
zh—ﬁ:—h——d—‘uv. (IT1-4)

e) The left side is a function of ¢ alone, and the right side, a
function of x alone = the only way this can be true is
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if both sides of the equation are constant (which we will
set equal to E). Then

h—— =F ITI-5
or
df  iE
2= I11-6
and 2 |
h2 1 d%
L4 V=E I11-
2m 1 dx? v ’ (IL1-7)
or 2 72
K2 @
__- 7 = E . I11-
o dnZ T Vi (0 (111-8)

Separation of variables has turned a partial differential equation
into two ordinary differential equations (Egs. I11-6 & III-8).

a) Eq. (ITII-6) is easy to solve by just rearranging terms and
integrating:
f(t) = Ce BN (I11-9)

Typically the integration constant C' is absorbed into the
solution for 1, hence we state the solution to Eq. (III-6)

as
f(t) = e B (I11-10)

b) Meanwhile, Eq. (ITI-8) is referred to as the time-independent
Schrédinger equation (in one dimension). To solve it,

we must specify the potential V (z).

When is a separable solution to the Schrodinger equation valid?

a) Stationary states:

i) These are states which even though the wave func-
tion depends upon time:

U(z,t) = p(z) e PU" (ITI-11)

I11-2



b)

the probability density does not:

I\II(SIZ,t)|2 — U — ¢*€+iEt/h¢€—iEt/h _ |¢(SE)|2 .
(IT1-12)

ii) In a stationary state, (x) is constant and (p) =
0 (from Eq. II-45) = nothing ever happens in a
stationary state.

States of Definite Total Energy:

i) In classical physics, the total energy (kinetic plus
potential) is called the Hamiltonian:

H(z,p) = . +Vi(x) . (ITI-13)

2m

ii) The corresponding Hamiltonian operator is de-

fined by
5 h? 0?

where the “hat” (i.e., ) means this is an operator.

iii) Thus the time-independent Schrodinger equation
(Eq. I1I-8) can be written as

Hy = Ev . (I11-15)

iv) The expectation value of the total energy is
Hy=["“whpde=E [ " |pfde=E .
(IT1-16)

v) Moreover,

H*) = H(H) = H(EY) = E(HY) = E*) |
(I11-17)
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and hence

(1) = [ yde = B [ g de = B2
(I11-18)

vi) So the standard deviation in H is given by
oy =(H* —(H?*=FE*-E*=0. (IlI-19)
vii) If ¢ = 0, then every member of the sample must

share the same value = the distribution has zero
spread.

viii) Hence, a separable solution has the property
that every measurement of the total enerqgy is cer-
tain to return the value F.

The general solution of the time-independent Schrodinger
equation is a linear combination of separable solutions.

i) The time-independent Schrédinger equation yields
an infinite collection of solutions (11 (x), ¥ (x), 3(x),
..), each with its associated value of the separa-
tion constant (Ey, Fo, F3,...) = thus there is a
different wave function for each allowed energy:

\111(33, t) = ¢1(33)6_iE1t/h, \112(33, t) = ¢2(33)6_iE2t/h, N

(111-20)

ii) Hence the general solution of the wave function
for these cases is

U(w,t) = S entba(x)e B0 (111-21)

n=1

iii) FEwvery solution to the time-independent Schrodinger
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equation can be written in this form — it is simply
a matter of finding the right constants (¢, co, .. .).

B. Infinite Square Well.

1. Assume we have a potential of the following form:

0, if0<z<a,
Viz) = { 00, otherwise (IT-22)
as shown in Figure ITI-1.
V(x)
a X

a)

b)

Figure III-1: The infinite square well potential (Eq. I11-22).

A particle in this potential is completely free, except at
the two ends (z = 0 and z = a), where an infinite force
prevents it from escaping.

Outside the well, ¥)(x) = 0 = the probability of finding
the particle there is zero.

Inside the well, V' = 0, and the time-independent Schrodinger
equation becomes

R d*)
————=F I11-2
or ,
d=1p 5 2mE
— = — h = : I11-24
702 k“,  where k > ( )
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d)

Eq. (I1I-24) is just the (classical) simple harmonic os-
cillator equation with the general solution of

Y(x) = A sinkx + B coskx (IT1-25)

where A and B are constants that are fixed by the bound-
ary conditions of the problem:

i) Both ¢ and diy/dx are continuous.

ii) Continuity of ¥ (x) requires that
$(0) = (@) =0 , (111-26)
so as to join the solution outside the well, hence,
P(0) =Asin0+ BcosO0O=B=0, (III-27)

S0
Y(x) = Asinkx . (IT1-28)

iii) At the other boundary, ¥(a) = A sinka = 0.
Since 1) must be normalizable, A #£ 0, so

ka =0, £m, £27, +3m, ... (I11-29)

iv) But £ = 0 is no good since that would give
Y(x) = 0, and the negative solutions give nothing
new, since sin(—6) = —sin(#) and we can absorb

the minus sign into A. So the distinct solutions are
nm

ko =-—, withn=1,23,...  (II30)
a

v) Note that the boundary condition at x = a does
not determine A, but rather the constant k, and
hence the possible values of E':

R O

E, 5

— I1I-31
2m 2ma ( )

ITI-6



Exercise: Prove Eq. (111-25) is the solution to Eq. (I11-24).
Exercise: Prove Eq. (I1I-31).

e) Unlike the classical case, a quantum particle in the infinite
square well cannot have just any old energy — it can
only have the allowed values of Eq. (I1I-31) = allowed
states.

f) Asusual, we find the amplitude A from the normalization

criterion:
1 = /()me
= /Q|A|2sin2(kx)d:z:
= |A|/ [1 — cos(2kz)| dx
A2
= u[/@ d:z:—/o cos(2kaz)daz]
|AP?
= x|0—ﬁsm(2kx)|o
- - {o- g w2 (7)o sncl}
= S5\ % sin 2 ) sin 0
_ |A|2< _ Lo )
= 5 |a kam nm
= |4p5
2
A= 2 (111-32)
=\ _

(we are only worried about the magnitude of A here), so
our final wave function becomes

Un(z) = @ sin <%x> . (I11-33)

2. As can be seen, for an infinite square well, there are an infinite
amount of solutions to the time-independent Schrodinger equa-
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tion. Figure III-2 shows the first 3 of these stationary states —
as can be seen, these are just standing waves.

a) The lowest energy state, ; is called the ground state.

b) The higher energy states scale as n? and are called ex-
cited states.

c) These states alternate from even to odd, with respect to
the center of the well. (11 is even, 1 is odd, 3 is even,
and so on.)

d) Asyou go up in energy, each successive state has one more
node (zero crossing). ¥, has none (the end points don’t
count), ¥ has 1, 13 has 2, etc.

e) They are mutually orthogonal (i.e., the wave functions
are said to be orthonormal), in the sense that

[ () Yu(2) dz = Gy (IT1-34)
where 9,,,, 1s the Kronecker delta:
0, if m # n;
Omn = { 1 o — . (IT1-35)

f) They are complete, in the sense that any other function,
f(x), can be expressed as a linear combination of them:

flz) = ioj Cnthn(T) = \E 3 Cp Sin <Eaz> . (IT1-36)

n=1 n=1 a

Proof of this completion criterion requires knowledge of

Fourier series (see below).

Exercise: Prove Eq. (I11-34) with the wave function in Eq. (11I-33).

The time-dependent form of the solution to this Schrodinger
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W, (x) V\ W,(x) % Wy(x)

VARRVEL

Figure I11-2: The first 3 stationary states of the infinite square well.

equation is thus
2 S (2.2 2
U(z,t) = Z Cpy| — Sin <@SIZ> et h/2ma’t (I11-37)
n=1 a a

a) Then our initial condition equation becomes

U(2,0) = 3 enthy () (I11-38)

n=1

b) By making use of the orthonormality of the solutions, the
initial condition equations then give us the mechanism for
finding the coefficients of the series:

_ @ [ sin <%az> U(z,0) d . (111-39)

Example III-1. A particle in an infinite square well has the initial wave

function
U(z,0) = Az(a — x) .

(a) Normalize ¥(x,0). Graph it. Which stationary state does it most closely
resemble? On that basis, estimate the expectation value of the energy.

(b) Compute (x), (p) and (H), at t = 0. (Note: This time you cannot get
(p) by differentiating (), because you only know (z) at one instant in
time.) How does (H) compare with your estimate in (a)?
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Solution (a):
U(x,0) = Az(a—x)
U*(z,0) = Az(a—x)
1 = /OQ\II*\IICZSE:Az/oaSE(CL—SE)SE(CL—SE)dSE
= Az/oa:zsz (a2 — 2a:z:+:z:2) dz

= A® /Oa (a2x2 — 2a2° + 334) dx

= A? %azx?’ — %a:zfL + %335 :

= A? %cﬁ - %a5 + écﬁ

= ?—; [10a” — 15a° + 6a°] = ?—;cﬁ
A=\

To graph this function, note that at the endpoints (i.e., x = 0 and x = a),
U (x,0) = 0. Also, expanding out the integrand gives ax—x2, which clearly
indicates that this wave function has a parabolic shape. We can find the
extrema of this parabola by taking the derivative and setting it equal to
0: a —2x =0, or x = a/2. The second derivative tells us the orientation
of the parabola: —2, so the curve is concave downward as shown on
the graph on the next page. As one can see from an inspection of this
curve (see figure on next page), this wave function resembles the harmonic
oscillator solution in the ground state (n = 1) since it resembles a sine
function (note that we will be investigating simple harmonic oscillators in
section ITI.LE). As such, we can guess the expectation value of the energy
will follow Eq. (III-31):

2h2 h2
— 403
2ma ma

E
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Y(x,0)

X a

The wave function ¥(x,0) = z(a — ).
Solution (b):
(x) = /Oa U doe = A® /Oa [2(a — 2)2*(a — )| d
= A2 /Oa [2%(a — 2)?] dx
= A2 /Oa [2%(a® = 2az + 2°)] da
= A? /Oa (a’z® — 2a2* + 2°)) dx

= A? ia%‘l ia:ﬁ + é o]
= A? %a6 §a6 + éa
= 6?)25 (15a° — 24a° 4 10a°)
= =t
Which is just what you would expect from the appearance of the graph.

/ \If*;%llfd:c—A2§/oa {:c(a—:c)ai[ (a—:c)]} da
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= Azg /Oa [z(a — x)(a — 2x)] dx

h ra
:A%/

[z(a® — 3ax + 22%)| dx

= Azg /Oa [azx — 3az? + 2:1:3} dx

h

= A2_‘ —a

(4

ey
= A

2 a
202 — az? + gt

4 o

—2a4+a4):0.

The particle initially has an expectation of being at rest.

(H)

Now,

82

a . h? 92
[ (gt

V) Udx .

0> 0

(9:1:2\11 T 92 wla—2)] = ox

SO

(H)

—(a —2x) = -2,

\If* d:z:+V " da
Ox?

From this, it is clear that

h 2
EA/OSIZ(CL—SE)CZSU—{—V
| 1 .]°
_AZ_ 2 -3 V
- Qa:z: 3:13 O+
R /1 1
—A2<—3——3> vV
m\g® T34
52
6—A2 (3&3—2a3)+V
h? 30
— %4
6ma5ajL
5h2
—2+V.
ma
h2
E=5—

ma?’

I11-12



which is close to the solution found for the harmonic oscillator.

C. Fourier Analysis.

1. As we continue on with our work with the Schrodinger equation,
we will often encounter wave functions that take the form

1 oo .
U(z,t) = N | Ak et d;. (I11-40)

a) In the wave function, x and ¢ represent their usual mean-
ings of the position and time independent variables, re-
spectively. The new variables introduced here in the in-
tegral are:

i) The wave number, k, which is inversely related
to the wavelength, A, of a wave through

2T

B

Using Eq. (I-77) we can show that the wave number

is related to the particle/wave’s linear momentum

k

via
p = hk .
ii) The angular frequency, w, which is directly re-
lated to the frequency, v, of a wave through
w =27V .

Using Eq. (I-77) we can show that the angular fre-
quency is related to the particle/wave’s energy via

EF=hvw.

iii) Finally note that one can write a dispersion re-
lation for a wave with these new variables. Using

IT1-13



Eq. (I-75) for a non-relativistic free particle (i.e.,
V' =0), the total energy of the wave is

p2

2m
Making use of our relations above, this energy-
momentum equation becomes the following disper-

sion relation: -
k)= —.
w(k) 2m
b) At t = 0, this equation takes on a form that may be

familiar:
1 oo .
U(z,0) = NeT I A(k) e dk (111-41)

c) Eq. (III-41) reveals that the amplitude function A(k) is
the Fourier transform of the wave function V(z,t) at t
= () = the amplitude function is related to the wave
function at ¢t = 0 by a Fourier integral.

2. Fourier analysis — the generation and deconstruction of Fourier
series and integrals are the mathematical methods that underlies
the construction of wave packets by superposition.

a) Mathematicians commonly use Fourier analysis to rip func-
tions apart, representing them as sums or integrals of sim-
ple component functions, each which is characterized by
a single frequency.

b) This method can be applied to any function f(x) that is
piecewise continuous — i.e., that has at most a finite num-
ber of finite discontinuities. As we have already noted,
wave functions must be continuous, so as such, satisfies
this condition and so are prime candidates for Fourier
analysis.
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d)

f)

Fourier Series. Fourier series are not mere mathematical de-
vices; they can be generated in the laboratory (or telescope) =
a spectrometer decomposes an electromagnetic wave into spectral
lines, each with a different frequency and amplitude (intensity).
Thus, a spectrometer decomposes a periodic function in a fashion

Whether we represent f(x) via a Fourier series or Fourier
integral depends on whether or not this function is pe-
riodic = any function that repeats itself is said to be
periodic.

More precisely, if there exists a finite number L such that
f(x 4+ L) = f(x), then f(z) is periodic with period L.

We can write any function that is periodic (or that is
defined on a finite interval) as a Fourier series.

However if f(z) is non-periodic or is defined on the infinite
interval from —oo to 400, we must use a Fourier integral.

analogous to the Fourier series.

a)

b)

Suppose we want to write a periodic, piecewise continuous
function f(x) as a series of simple functions. Let L denote
the period of f(x), and choose as the origin of coordinates
the midpoint of the interval defined by this period —L/2 <
x < L/2.

If we let a,, and b,, denote (real) expansion coefficients, we
can write the Fourier series of this function as

f(z) =ap+ Y_ |aycos <27m£> + b, sin <27m£>] :
=1 L L
(IT1-42)
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c) We calculate the coefficients in Eq. (I11-42) from the func-
tion f(z) as

1 /L)2
ap = Z/—L/z flz)dz , (I11-43)
2 (L/2 T
a, = Z/—L/z f(x) cos <27mz> de (n=1,2,...)
(I11-44)
2 L/2 . x
b, = Z/—L/2 f(zx) sin <27mz> de (n=1,2,...).
(I11-45)

d) Notice that the summation in Eq. (I1I-42) contains an
infinite number of terms. In practice we retain only a
finite number of terms = this approximation is called
truncation.

i) Truncation is viable only if the sum converges to
whatever accuracy we want before we chop it off.

ii) Truncation is not as extreme an act as it may
seem. If f(x) is normalizable, then the expansion
coefficients in Eq. (I1I-42) decrease in magnitude

with increasing n, i.e.,

la,| — 0 and |b,| — 0 as n — oo .

iii) Under these conditions, which are satisfied by
physically admissible wave functions, the sum in
Eq. (III-42) can be truncated at some finite max-
imum value n,,,, of the index n. (Trial and error
is typically needed to determine the value of n,,.,
that is required for the desired accuracy.)

iv) If f(x) is particularly simple, all but a small, fi-
nite number of coefficients may be zero. One should
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always check for zero coefficients first before evalu-
ating the integrals in Eqs. (I11-43, 44, 45).

The Power of Parity. One should pay attention as to whether
one is integrating an odd or an even function. Trigonometric

functions have the well-known parity properties:
sin(—x) = —sinz (odd) (I11-46)
cos(—x) = +cosxz (even) . (I11-47)

As such, if f(z) is even or odd, then half of the expansion coef-

ficients in its Fourier series are zero.
a) If f(z)isodd [f(—z) = —f(x)], then
a,=0 (n=0,1,2,3,...)

N . (I11-48)
f(x) = nz_:l by, sin <27mz> :
b) If f(z) is even [f(—x) = +f(z)], then
=0 (n=1,23,...)
(I11-49)

flz) = ioj a,, COS <27m%> :

n=0

c) If f(x) is either an even or and odd function, it is then
said to have definite parity.

The Complex Fourier Series: If f(z) does not have a definite

parity, we can expand it in a complex Fourier series.

a) To derive this variant on the Fourier series in Eq. (III-
42), we just combine the coefficients a, and b, so as to

introduce the complex exponential function e*27*/L;

f(x) = ioj cpetme/L (IT1-50)

n=—oo
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b)

Exercise: Derive Egs. (111-50) and (111-51) and thereby determine
the relationship of the coefficients ¢, of the complex Fourier series
of a function to the coefficients a,, and b,, of the corresponding real

Note carefully that in the complex Fourier series in Eq.
(ITI-50) the summation runs from —oo to co. The expan-
sion coefficients ¢, for the complex Fourier series are

I —12mne
Cp = Z/—L/z flx)e 2/l gy (ITI-51)

series.

Fourier Integrals: Any normalizable function can be expanded
in an infinite number of sine and cosine functions that have in-
finitesimally differing arguments. Such an expansion is called a

Fourier integral.

a)

b)

A function f(x) can be represented by a Fourier integral
provided the integral [*°_|f(x)|?dz exists = all wave
functions satisfy this condition for they are normalizable.

The Fourier integral has the form

1 00 ,
= — ke ™ dk; | I11-52
f@) = 7= [ ke (I11-52)
which is the inverse Fourier transform.

The function g(k) plays the role analogous to that of the
expansion coefficients ¢, in the complex series (Eq. I11-50).
The relationship of g(k) to f(x) is more clearly exposed
by the inverse of Eq. (II11-52),

g(k) = \/LQ_W = fa)e da (111-53)

which is the famed Fourier transform equation. In math-
ematical parlance, f(z) and g(k) are said to be Fourier
transforms of one another.
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d) More precisely, g(k) is the Fourier transform of f(x),
and f(z) is the inverse Fourier transform of g(k).

e) When convenient, we will use the shorthand notation

A(k) = F[¥(x,0)] and  U(x,0)=F '[A(k)]
(I11-54)
to represent Eqs. (I11-53) and (I11-52), respectively.

f) Many useful relationships follow from the intimate rela-
tionship between f(x) and g(k). For our purposes, the
most important is the Bessel-Parseval relationship:

[ @) Pde = [T Jg(k)dk (I11-55)
D. The Gaussian Wave Packet.

1. In Egs. (III-40) and (I1I-41), we stated that there will often be
time when the wave function will be expressed in terms of an in-
tegral of an amplitude function = calculating the wave function
is the inverse Fourier transform of the amplitude function.

2. Hence, to calculate the amplitude function, one merely takes
the Fourier transform of the wave function:

A(k) = F[¥(x,0)] e dg (I11-56)

N

3. The Bessel-Parseval relationship (Eq. ITI-55) guarantees that the
Fourier transform of a normalized function is normalized:

[ 1AW dE = [ |[W(z,0)Pdr =1 (I11-57)

Example III-2. The Amplitude Function for a Gaussian. The
Gaussian function is a wave packet with a well-defined center and a single
peak. Its amplitude function has the same properties. Initially (i.e., t = 0),
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the Gaussian function contains one parameter, a real number L that governs
its width. Show how the amplitude function of a Gaussian scales with L and
prove that both the Gaussian wave function and its amplitude function obey

normalization rules.

Solution:

The most general form of such a function has a center at =, # 0 and
corresponds to an amplitude function that is centered at k, # 0:

1 1/ ik 2L)]?
U(z,0) — <27TL2> koo |(z—2) /L)

For simplicity though, assume the Gaussian is centered at x, = 0 with an

amplitude function centered at k, = 0, i.e.,

1 1/4 2 4L2
\1;(3;,0):<27TL2> o—7?/(41?)

Y(x,0) 4

L \' Y(x,0) for L = 0.5

Y(x,0) for L = 1.0

Y(x,0)12 for L = 1.0

Two Gaussian wave packets of the form in Example IlI-2; parameter L for
these functions takes on the values L = 0.5 and L = 1.0 (solid curves). The

corresponding probability density for L = 1.0 is shown as a dashed curve.

In the figure above, you’ll find two such wave packets (with different
values of L). Each exhibits the characteristic shape of a Gaussian function

IT1-20



(i.e., a Bell-shaped curve): Each has a single peak and decreases rather
sharply as |x| increases from zero. But because the Gaussian function
decays exponentially, it never actually equals zero for finite |x|. (It is,
nonetheless, normalizable.) You'll also find in this figure above that the
probability density |¥(x,0)|?* for a Gaussian. This figure illustrates one
of the special properties of a Gaussian wave function = its probability
is also a Gaussian function, one that has the same center but is narrower
than the state function from which it is calculated.

To find the amplitude function for this Gaussian, make sure that both the
state function and the amplitude function are normalized as requested in
the problem. We begin by substituting the state function listed above
into Eq. (III-56) for the amplitude function:

dz .

= 7= \ar 12 o OXP | 3" —tha

We note that a Table of Integrals give

/OO e O gy = \/fey/(m) (a>0).
«

—00

Let a = 1/(4L?%) and 8 = ik, then we see that

1/4 -
A(k) = <3L2> e L

T

Comparing the mathematical form of the amplitude function and the
initial wave function, we see that the Fourier transform of a Gaussian
function of variable x is a Gaussian of variable k.

Now, check for normalization

/_O:O\If*\lld:z: = < L )1/2 /°° o2/ C2L2) g0

2m L2 —00
1 1/2 00 2 /(072
_ —z?/(2L?)
= <27TL2> 2/0 e dx

N <ﬁ>1/222/\1/§Lﬁ
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0 2 2712
ARV A(R) dk = —L2> 2L g
[oawramar = (22 [
1/2 -
_ <2L2> 2/ —2K2L% .
-
2 N2 1
_ —L2> 91
<7T 2\/§Lﬁ
2 5 12
- <;L> 517
o2 1/2
- (27TL2>
= V1=1. QED

E. The Quantum Simple Harmonic Oscillator.

1. From classical mechanics, the equation of motion of a mass con-
nected to a spring is govern by Hooke’s Law:

d’x
F = —kx:mﬁ X

where k is the spring constant.

2. The solution to Hooke’s Law gives a stmple harmonic oscillation
in position:
x(t) = Asin(wt) + B cos(wt) ,
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where A and B are constants determined from either initial con-
ditions or boundary conditions, and
k

= \|— ITI-58
o=\~ (111-58)

is the (angular) frequency of oscillation. The potential energy is

1
V(z) = ikxz : (I11-59)

As can be seen by the above equation, the potential for Hooke’s
law is parabolic. Practically any potential can be approximated
by a parabola, if one takes the limits small enough in the neigh-
borhood of a local minimum.

a) One can expand any function about a local minimum in
a Taylor series. In the case of the potential:

V(z) =V(xe)+=V'(x.)(x — 1)+ =V"(20)(x — :z:o)z 4.
(IT1-60)
where z, is the location of the local minimum.

b) We can set V(z,) = 0 since the value of this constant
is irrelevant to the force. Also V'(z,) = 0 since z, is
a minimum. If we drop terms higher than the second
derivative, we get

V(z) = %V”(azo)(az _2)? (1T1-61)

which describes simple harmonic oscillation about the point
T, with an effective spring constant k = V" (x,).

c) It should be noted from this Taylor series approximation
that any oscillatory motion is approximately simple har-
monic, as long as the amplitude is small.
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4. The quantum problem is to solve the Schrodinger equation for

the potential

a)

b)

1
V(z) = imwzxz : (I11-62)

With this potential, the time-independent Schrodinger’s
equation becomes

There are 2 ways to solve this equation: The power se-
ries expansion method and the ladder operator method.
This second method is primarily just clever algebra and
we will go through that solution first.

5. The Ladder Operator (Algebraic) Method.

a)

b)

Let’s rewrite Eq. (I11-63) as

1 [(hd\? )
— || == = FEy . I11-64
e () Gnwn =m0 ey
We must factor the term in the square brackets. We can
do this by realizing that if these terms were numbers, we
could factor them as

u? 4 v = (u — ) (u+v) .

However in our case, v and v are operators and operators
do not, in general, commute (i.e., uv # vu).

Let us introduce the a-operators as

1 h d
— [t . IT1-65
4+ \2m <z dx zmw:z:) ( )

Let’s check the various products of these operators:
i) First,

(a_ay)f(x) = 1 <Ei — imwx) <§i + imwx) f(x)

2m \ 7 dx 1 dx

I11-24



1 <h d , ) <h df L f)
= — |— —idnmwz | | —— + imwzx
2m \ i dx 1 dx
_ L _h2d2_f+h i( f)
 92m dx? mwdaz o

df 2
hmwzx oot (mwz)” f

2
= L [—hzﬁ + hmwxﬂ +hmw f

2m dx? dx

df 2
hmwzx oo T (mwz)” f

- <§%>2 + (mwz)? + hmw] f(z)

hod\? ] 1
a_a, = — <;%> + (mwz) ] +§hw .(IT1-66)

ii) Pulling the (1/2)hw term to the other side of
the equation, we get the following for Schrodinger’s
equation:

<a_a+ — %hw) v =Ey. (IT1-67)

iii) From a similar treatment, one can easily show

that
1 [(hd\? 1
aya_ = % |:<;%> —+ (mwx)zl — §hw s (111-68)
and the Schrodinger equation becomes
1
<a+a_ + 5hw> Vv = FE . (IT1-69)

iv) Also note that
a_ay —aia_ = hw . (I11-70)

d) If ¢ satisfies the Schrodinger equation with energy F, then
a1 satisfies the Schrodinger equation with energy (F +
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f)

g)

hw):
1 1
<a+a_ + 57’%0) (ayp) = <a+a_a+ + ihwcur) Y
=a, <a_a+ + %hw) Vo= ay <a_a+ — %hw) (e hwzﬁ]
=ar(EY +hwy) = (E4 hw)(azy) . QED(III-71)

By the same token, a_1) is a solution with energy (F—hw):
1 1
<a_a+ — —hw) (a_tp) = <a_a+a_ — ihwa_> Y

2
<a+a_ + %hw) W — hwzﬁ]

=a_ <a+a_ — %hw) Vo= a_
=a_ (EY—hwy) = (E—hw)(a_v) . QED (III-72)

We call the a-operators the ladder operators: a, is
called the raising operator, and a_, the lowering op-
erator = if we can find one solution with energy E, we
can find all other solutions by using these operators.

There exist a lowest energy state for the quantum har-
monic oscillator which satisfies

a_hy =0 | (I11-73)

where 1), is referred to as the ground state.

i) As aresult, we can write the lowering operator for
this ground state as

1 o .
T <§ Ci;b — zmwx¢o> =0, (IT1-74)
m \1 axr
or
igij - ——I;§ianﬁo . (IT1-75)

ii) The solution to this differential equation is trivial:

/d% e x dx
e R
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mw
Iny, = —ﬁxzqt constant

e = Aje MMz (I11-76)

iii) Plugging this into Schrédinger equation, (a,a_+
(1/2)hw)ts = Esips and noting Eq. (I11-73), we see

that ]
E, = ihw ) (IT1-77)
Note that
w = 2Ty
h
h = —
or
SO
hw:£'27ﬂ/:hl/.
27

h) From this ground state, we can easily calculate the excited
states with the raising operator:

2 1
¢n(33) — An(a+)n6—(mw/2h)x , with En — <TL + 5) how .

(I11-78)
i) For instance, the first excited state is
¢1 _ A1a+€—(mw/2h) x?
1 (hd 2
= Al\/g_ <;% + imwx) e~ (mw/2h)z
m

o Ay [h mw —(mw/2h) 2% | —(mw/2h) 2
= T l < 5 33) e + 1mwxe

?
(IT1-79)
ii) This simplifies to
Uy = (idywV2m)ze” (M2 (IT1-80)

Note that since v must be real, the amplitude A;
must be imaginary (see Example I11-3 below).
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Example III-3. The raising and lowing operators:

(a)

(b)

The raising and lowering operators generate new solutions to
the Schrodinger equation, but these new solutions are not cor-
rectly normalized. Thus a1, is proportional to 1,1, and
a_1p, is proportional to 1, 1, but we would like to know the
precise proportionality constants. Use integration by parts and
the Schrodinger equation (Egs. 111-67 and 111-69) to show that

/_OO la p|?de = (n41)hw (ITI-81)
/_OO la_v,|*de = nhw , (I11-82)

and hence (with ¢'s to keep the wave function real)
art, = i/(n+ 1)hw ¥, (IT1-83)
a_, = —ivVnhw ¥, . (IT1-84)
Use Eq. (111-83) to show that the normalization constant A,
in Eq. (11-78) is

A, = c;;)m (=) . (IT1-85)

Solution (a):

/_O:O|a+¢n|2d£€ = /_O:o(a+¢n)*(a+¢n)dx

= %/_O:O K?% +imwaz> zbnr

X <§,i+imwx> Un| dx
1 dx
1 joo hdy; .
= %/_OO <—; I zmwx¢n>
X <§% + imwx¢n> dx
1 dx
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1 e [ odiy, dipy di,
- 2m /- lh dr dx fimeor dx

—hmwaz@bj;% + (mwz) 2, | dx

Un

At this point, note that

d, vy wdy  diy,

Un -

As such, we can simplify the integral above as

1 lhzdw* d,
2m dr dx

—hmwaz% (Yrby)| dx

L [y addy diy 00 2%
= 5= l/_ooh . da:+/_oo(mwas) Vi, dx

+ (mwe)* Y

[ sl dr =

% d .
= [ hmwr (i) dr| . (A)
The first integral in Eq. (A) is found by using integration by
parts, let
u = % dv = dyy
du = d;;@ld:z: v o= Yy,
then
dy’ d¢n < _odip, d!
2 _ 2 n
/hd:z:d:z: _/—oohd:z:d:z:x
oo dipy,
R v,
o
dipy |~ >
— B2 |,* _
= h {wn e N s a:]
N d%
_ 32 * n
— _n /_Oo%dxz dv ., (A1)

where ¢* (dip, /dz)|*°, — 0 since the wave function must be nor-
malizable. The second integral in Eq. (A) can be written as

/_O:O(mw:z:)zw;’;wn dr = /_O:O zb;’;(mw:z:)zwn dr . (A2)
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The third and final integral in Eq. (A) in once again solved with
integral by parts, let

u o=z dv o= d@,)
du = de v = Yt

then
himw / :z:— (Yihy) do = hmw / (i)

— hmw [w Gl = [ it da:]
= —hnmw , (A3)

which results once again since x> — 0 in order for the
wave function to be normalizable.

Now plugging Egs. (Al) (A2), and (A3) back into Eq. (A) gives

/_O:O|a+¢n|2dgg = 5 / [ ”d 2 Tt (mw) %,] dx

2m( hmw)
or with use of the Schrodinger equation (Eq. I11-64), we get
[lasifds = oo [ [0 50+ vitmene,|
+%hw
= /_O:O¢; {—%dd—; + %mw x ] Yy dv + hw

o 1
- E/ w*wndaz+§hw

1
= E,+ hw—(n+ )hw+ hw
= (n+ )hw. QED

Note that we could have solved this much more simply by using
operator algebra and noting that a’ = a_ (see next section):

[ ) ) de = [ (Wha) () da
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00 00 1
= [ raaygde = /;Ddﬁ(E%%—ihw)wndx

1 0 1 1 1
= (B + > “Yodr = E,+ —hw=(n+ - =
(B, + 2hw) /_Oownw dx - 2hw (n+ 2)hw+ 2hw
=n+1)hw. QED

Now for the proof of the second integral relation

/_O:O(a_wn)*(a_zbn) de = L/OO K@i — imwx) wnr

2m J—oo |\ 7 dx
X <§i — imwx) U, | dz
1 dx
1 hdyy .
= %/_Oo <—; I +zmwx¢n>
X <§% — ’mwan> dx
1 dx
 2m /—oo lh dr dx + mwz dx ¥
+hmwaz¢;’;% + (mwx)* i, | do
T
_ 1 o0 2d¢;’; d¢n 2 %
d
— (i, . (B
*Jﬁnwxdx(¢n¢ )| dz . (B)

The first two integrals in Eq. (B) are identical to those in Eq.
(A) and the third is just the negative of the third integral in Eq.
(A). As such, Eq. (B) reduces to

2m J—o0 " da?
1
o [ R 1, 1
= /_m¢n {—%@—f— imw T ¢nd$— §hw

o 1
:l_ﬁ&%M—ﬁw
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- B, /_O:O b, da — Lo

2
1 1 1
— ETL — — — —_ —
+ 2hw (n + 2)7’zw 2hw
= nhw . QED

We next have to prove the solutions of the raising and lowering

operators. Assume that a 1, = ci,,1, for some constant c.
With v, and 1,,,1 normalized,

[ ol do = e [~ ol do = e = (n+1) ho |
S0 ¢ = \/m Note however, to achieve consistency with
the integrals above, ¢ = i\/m, SO
avthy = iy/(n + Dhw Py -
Similarly, a_1),, = b, _1, for some constant b, so
[ lail?de =B [ [P de = b = nhw

so b = vnhw. Once again, to achieve consistency, b = —ivnhw,
SO

a_v, = —1vVnhw ¥,_1 .

Solution (b): From Egs. (III-76) and (III-78),

= —(mw/2h)z? —(mw/2h)x? _ %
ve = A e A,
— n,_—(mw/2h)x? __ Ay n
Yn = Anlas)"e ~ 1 (@) o
Avro A, N
= 2 (a)"" (agabe) = 1 (iVhw)(ay)" 2 (ayahy) = - - -
’ N ° T,
Ap
= 7 (iVhw) (iV2hw) (iV3hw) - - - (iVnhw) i,
A,
- A—OZ \/ana
N ) S

n!(hw)®

IT1-32



Normalizing 1, gives

00 2 h
1 = |AO|2/_OO oW /h |A |2 Ww

or L
mw
Ao =|— :
< mh )
S0
A, = <m“’>” Gl
mh n!(hw)®

The Power Series Expansion (Analytic) Method.

a) Let
¢ = ,/ Yo oand = % (IT1-86)

in the Schrodmger equatlon

2 1
A + mw *) = B . (IT1-87)
2m da?

Then using the chain rule,

% T dx @i) d5< ¢>d§ 5@?@ o

d d?
_ 5( ‘g ) P dgf (I8
plugging this back into Eq. (III-87) gives
h? mwd2¢ N o,
o d€2+—mw <—>5¢ — Ey
hwd%ﬁ B
R e = By
>y, 2E
T = v
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b)

v _ (e-22)y

dg? fiw
d?1)
r (& -K)y, (IT1-89)
where
2F
= 111-90
hw ( )
Finally, we can rewrite Eq. (III-89) as
Y g - 111-91
(e r) v -0, (11.91)

which is called Weber’s equation.

To solve this DE, let’s first look at the asymptotic limit
of very large £ (hence x) such that €2 > K, then

Py,
e =6 (111-92)

which has the approximate solution
W(E) ~ Ae €% 4 BetE? (111-93)

i) The B term is clearly not normalizable since v

blows up as £ — oc.

ii) The realistic solution thus has the asymptotic form
W(E) — Ae €2, at large € (I11-94)
Since we know the asymptotic form of the solution, we can

re-examine Eq. (IT11-89 or I11-91) and assume the solution
to this equation has the functional form

Y(€) = Ah(€) e ¢/? (I11-95)

where h is some function of £ that contains the constant
energy term K and the coefficient A is determined from
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d)

the normalization condition. Since we insist that the wave
function for a real wave be normalizable, then

Jim (h(&)e72) = 0. (I11-96)

i) Note that h(£) must depend upon the energy term
K since the asymptotic form A e~€°/2 does not.

ii) Also note that since the asymptotic form is an
even function, the h(£) portion of the wave func-
tion will dictate the parity of the complete wave
function = if h(§) is an even function, then the
wave function will have even parity, and if h(¢) is
an odd function, then the wave function will have
odd parity.

We now need to come up with the functional form of h(&).
i) The first derivative of Eq. (I11-95) is

dp o (dh Y e i
dg_A<d€ §h>e | (TT1-97)

ii) The second derivative is thus

d*y d*h dh e
d—gzzA {——2§—+(§2—1)h] e t/2,

g2 T de
(I11-98)

iii) Using these derivatives in the Schrodinger equa-
tion (e.g., Eq. I11-91) gives
d’h

- 252_’; F(K—Dh=0.  (IT199)

Now, let’s assume that h(£) can be expressed as a power
series

h(€) = ag+ aré +al* +--- = f a;& . (I11-100)
j=0
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(Note that the ‘a’ parameters here are series coefficients
and not the raising and lowering operators we were dis-
cussing earlier.)

i) The first derivative of this series is

dh ©
—o = a1+ 2096 + a3+ = Y ja; &l
j=0

dg
(I11-101)

ii) The second derivative is

&2h )
d—gz = 2@2‘{’23@35‘{’34@45‘{’
= Y+ +2aj08 . (111-102)
j=0

iii) Putting these into Eq. (I11-99), we find

(0.9]

;) (G +1)(j +2)ajsa — 2ja; + (K — 1)a;] & =0 .
g (T11-103)

iv) It follows from the uniqueness of the power series
expansion that the coefficient of each power of &
must vanish,

G+ 1 +2)ajs2 —2ja; + (K —1)a; =0,

and hence that
Gy — (2j+1—K)a_
UGG +2)

(I11-104)

v) This recursion formula is entirely equivalent to
the Schrodinger equation itself. Given ay we can in
principle derive ao, a4, ag, ..., and given a; it gener-

ates as, as, ay, ....
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f)

g)

Let us therefore write

h(€) = he(§) + ho(§) , (I11-105)

where h.(£) are the even terms of the series expansion
(i.e., an even function):

he(€) = ag + axé? + ag* + - - (I11-106)

and h,(§) are the odd terms of the series expansion (i.e.,
an odd function):

ho(€) = ar€ + as&® + ase® + - - (111-107)

Our next job is to figure out the functional form of the
‘a’ coefficients. Essentially, we will guess at a form for
a; and test it to see if it is consistent with Eqgs. (III-91)
and (II1-99). But first, let’s note the series expansions of
exponential functions.

i) For the exponential function, we have
et = 1i§+%52i%£3+- =Y b;¢ ) (TT1-108)
: : =0

where ]

- (I11-109)
J]:

ii) If we now substitute £? for £ in the above series
expansion, we get

2 1 1 1
¢ = 1+&+ 5(52)2 + 5(52)3 + 1(52)4 +o
1 1 1
- 1 2 — ¢4 ~¢6 = 8
+EH SO SO O
= > b, (ITI-110)
{oven
where ]
bj = — . III-111
] D
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iii) We next ask if the series expansion above con-
verges. To test this, we use the d’Alembert ratio
test which takes the limit of the ratio of two suc-
cessive terms as the counter goes to infinity:

bia8? w1 2o 2 g
bi& g G2+ g2
Now as taking the limit of this ratio as j — oo, we
get
: 2 .2,
lim ——&° ~ lim —=¢° — 0, (IT1-112)

j—o0 g 4 2 j—00 g

thus this series converges.

h) We are now faced with a wave function solution to the
Schrodinger equation of the form

WO = AW =AY ajgj) 2 (I11113)
=0
= (infinite series in ) (decaying Gaussian).

i) For this wave function to be physically admissible,
it must go to zero as £ — oo. But does the infinite
sum produce a finite number? Let’s assume that
our wave function has even parity. Then we will
only look at h.(§) in this case. (We could make a
similar argument for the h,(§) odd parity solution.)

ii) For very large j, we see from Eq. (I11-104) that the
recursion formula takes on the approximate form of

2
A j4-2 =~ ECL]' . (111—114)

iii) But what is a; when j is large? Let us take the
ratio of two successive terms and run the d’Alembert
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ratio test. Using Eq. (IT11-104), this ratio is

aj 28t 2 +1-K

— £
3 J+2)(+1)

Now as taking the limit of this ratio as 7 — oo, we
get
274+ 1—
lim =2 g~hm—g—hmg,

j=oo (74+2)(5+ 1) j—oo j2 j—o0 ]
(I11-115)

which is precisely the same limit for large j as ¢!

From this coincidence, we can make use of Eq. (III-
111) to write that

N C
77 3/2)!

for some constant C' at large j.

(for even j) , (ITI-116)

iv) This yields (at large &, where the higher powers
dominate)

Z 5% ~ Cet.
(I11-117)

h§) =~ C).

1
G

v) If h goes like €, then 1 goes like e£/2 (see Eq.
ITI-113), which is precisely the asymptotic behavior

we don’t want!

vi) There is only one way out of this dilemma =
the power series must terminate! There must occur
some highest j (call it n = j.,) such that a,.o = 0.

We see from Eq. (III-104) that this will occur when

K=2n+1, (I11-118)
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j)

k)

or using Eq. (I1-90), we see that the requirement that for
h(§) to be a finite polynomial, the energies of a simple
harmonic oscillator are restricted to the form

2B 2n+1
- fr— n
hw

hw

1
_ <n+§> hw n=0,1,2,... (I-119)

Hence we recover, by a completely different method, the
fundamental quantization condition found in Eq. (III-78).

As a result of this, we see that for any energy not in
the form of Eq. (III-119), the wave function of the sim-
ple harmonic oscillator blows up at large £ and the wave
function is no longer un-normalizable, hence unphysical.
From this we see that the boundary conditions demand
energy quantization.

The recursion formula now reads

R _
Gy = G+ +2) i (J<n). (IT1-120)

i) If n =0 (i.e., the ground state), there is only one

term in the series (we must pick a; = 0 to kill h,,
and j = 0 in Eq. (III-120) yields ay = 0):

ho(€) = ag | (I11-121)
and hence
Yo(6) = Apage * /2, (I11-122)
which reproduces Eq. (III-76).

ii) For n =1 we pick ap = 0, and Eq. (I1I-120) with
7 =1 yields ag = 0, so

hi(§) = &, (IT1-123)
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Table I1I-1: The first few Hermite polynomials, H, (x).

Hy = 1
H1 = 2z
H2 = 41‘2 -2
H3 = 81‘3 — 121‘
H, = 16z2* — 482>+ 12
H; = 322° — 1602 4+ 120z
and hence
2
Pi1(§) = Ayar Ee ¢ (I11-124)

confirming Eq. (I11-80).

iii) For n = 2, j = 0 yields as = —2ag, and j = 2

gives a4 = 0, so
ha(€) = ap(1 — 26%) (111-125)
and
Ya(€) = Asag (1 —26%) e /2 (I11-126)
and so on.

1)  hy,(€) is thus a polynomial of degree n in &, involving even
powers only, if n is an even integer, and odd powers only,
if n is an odd integer =—> Hermite polynomials (des-
ignated by H,(£)) share these same characteristics (see
Table I1I-1). Note that in Hermite polynomials, the
coefficient of the term with the maximum power

is arbitrarily set to 2".

m) Normalization.

i) Finally, we need to figure out the functional form

of the normalization constant A,,. We need to con-
vert back to the z label (from &, see Eq. I111-86). To
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simplify matters, let

3= % so £=pfa (I11-127)

for the ground state.

ii) For the n = 0 ground state, normalization gives

1 = /_Ozowwx
= /O:OASG_B%QCZSU

— AS%

1/4
Ay = (5—2> . (I11-128)

T

iii) We can continue this for some of the higher-order
wave functions (I leave it to the students to do this
on their own). We can compare these results to
derive the following recursion relationship for the
normalization constant:

1 1 52 1/4
A=ty = e (?> (IT-129)

iv)  With this, the normalized stationary states for
the simple harmonic oscillator are

52>1/4 1

H, (£)e €2 T11-130

which is identical to Eq. (III-78).

00 = (

v) Finally, we can write the complete wave equation
by including the time dependence (i.e., Eqgs. I11-10,
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I11-119, 111129, and I11-130) as

T

where 0 = \/mwy/h (see Eq. I1I-127).

H,(bz) o~ 2% /2 p—i(2n+1)wot /2 ’

(I1I-131)

Example III-4. In the ground state of the harmonic oscillator, what is
the probability (correct to 3 significant digits) of finding the particle outside
the classically allowed region? Hint: Look in a math table under “Normal
Distribution” or “Error Function.”

Solution:

For the ground state, the wave function is
1/4
mw 2
_ —£%/2
= [ —— e ,
Yo < mh )
so the probability is

R

1

The classically allowed region extends out to: 2mw 1} = Fy = hw, or

xo = \/h/mw, so § = 1. Therefore,

- %/100 e ¢ de = 2[1 — F(v/2)] = 0.157 ,

where F'(z) is the notation used in the CRC Tables.

Example ITI-5. In this problem we explore some of the more useful the-
orems (stated without proof) involving Hermite polynomials.

(a) The Rodrigues formula states that

Hy(€) = (—1)"t" <d%>ne—f?

Use it to derive H3 and H,.
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(b)

(c)

(d)

The following recursion relation gives you H,,.1 in terms of the 2 pre-
ceding Hermite polynomials:

H,1(€) = 26 Hy (€) — 2nH, 1 (€)

Use it, together with your answer to (a), to obtain H; and Hg.

If you differentiate an n-th order polynomial, you get a polynomial of
order (n — 1). For the Hermite polynomials, in fact:

dH,,
d§
Check this by differentiating H5 and Hj.

= 2an_1 (5) .

H, (&) is the n-th z-derivative, at z = 0, of the generating function
exp(—22% + 22€); or, to put it another way, it is the coefficient of 2" /n!
in the Taylor series expansion for the function:

n

e §° Z_' H, () .

n=0 T

Use this to rederive Hy, Hy, and Hs.

Solution (a):

d%(e‘f?) = —2te™®

d\?* =  d ey N

T) e = ) = (24

A\’ e d ) )
d—g) et = (2t = (8 (24 48 (F2)e

= (12 8%

d\' _. d 2

F) e = gl s
= [12 — 24&2 + (12¢ — 8¢%)(=2¢)]e ¢
= (12-48&82+16&Ye ¢

3
Hy(€) = —* <d%> et = [-12¢ + 8¢
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4
Hy&) = —¢& <d%> e ¢ = [12 - 482+ 16&4 .

Solution (b):

Hs(€) = 26H, — 8Hs = 2£(12 — 48 €2 + 16 &%) — 8(—12¢ + 8¢%)
= |120¢ — 160&3 + 32¢°
Hg(¢) = 26Hs — 10H,
= 26(1206 — 1608 4 32¢°) — 10(12 — 48¢£% +16 &)
= | =120 + 7202 — 480&* + 64¢6 .

Solution (c):

dd—}? = 120 — 480£% 4+ 160&* = 10(12 — 48¢2 + 16¢%)
= QG)H:
H
dd—; = 1440¢ — 192067 + 384¢° = 12(120€ — 1607 + 32¢°)
= (2)(6)Hs . +/
Solution (d):
d 2 2
E(e—z +2z§) — (—22 + 2€)€_Z +2z§;
putting in z = 0 gives
Hy(§) = 2¢ .
d\? —22492¢ d —22422¢ 21, —22422¢
<E> (674258 = (=25 26)e 2 = [0+ (<22 + 24,

putting in z = 0 gives

Hy(€) = —2 +4¢£%.

() (925) = {2+ (22 267425
= {2(—22+26)(-2) +

[—2 + (=22 4 26)7(—2z + 28)}e = +2¢ .
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putting in z = 0 gives

Hy(€) = =8¢ + (-2 +4€%)(2¢) = | —126 + 8% .

F. The Free Particle

1.

A free particle is simply one where V(z) = 0 for all z. The
time-independent Schrédinger equation (TISE) becomes

n? d*y
Y _ g I11-132
or )
2mE
% = —k*p,  where k = ;_l” . (I11-133)

a) Instead of using sines and cosines, we will express the
solution in exponential notation:

Y(x) = Ae'* 4 Be kv (111-134)

b) Since there are no boundary conditions, k (hence E) can
take on any positive value = a continuum of possible

energies.

c) Taking on the standard time dependence gives

U(z,t) = Ae™—amt) 4 Bkt oyt (111-135)

Any function of x and t that depends upon these variables in the
special combination (x + vt) (for some constant v) represents a
wave of fixed profile, traveling in the Fz-direction, at speed v.

a) As such, the first term in Eq. (ITI-135) represents a wave
traveling to the right.

b) The second term, a wave traveling to the left.
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c) Since the only difference between the 2 terms in Eq. (III-
135) is the sign of k, we can write

Uy (2, t) = Aer—amt) (111-136)

and let k& run negative (as well as positive) to cover the
case of waves traveling to the left:

k >0 = traveling to the right,

V2mE ,
k=+ ,  with .
h k <0 = traveling to the left.
(IT1-137)
3. The speed of the wave is
h|k| E
= —— = | — . III-1
quantum 2m 2m ( 38)

a) On the other hand, the classical speed of a free particle
with energy E is given by E = (1/2)mv? (pure kinetic
since V' = 0), so

2K
Vclassical — R = 2Uquantum . (111-139)

b) The quantum mechanical wave function travels a half the
speed of the particle it is suppose to represent!

c) This wave function is not normalizable! = in other
words, there is no such thing as a free particle with a
definite energy.

4. The general solution to the TISE is still a linear combination
of separable solutions (only this time, it’s an integral over the
continuous variable k, instead of a sum over the discrete index

n):

1 0 . nk?2
W)= [ ok)e 0 ak (I11-140)
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a) Now this wave function can be normalized [for appropri-
ate ¢(k)], but it necessarily carries a range of k’s, and
hence a range of energies and speeds.

b) As such, this is called a wave packet.

c) The initial wave function is thus

U(z,0) = \/%_W [ etkye™ s (I11-141)

5. This is a classic problem of Fourier analysis (see §III.C); the
answer is provided by Plancherel’s theorem:

1 oo ikx _ 1 +00 —ikx
flz) = \/—Q_W/_OO F(k)e™ dk < F(k) = \/—Q_W/_OO flx)e * dy .

(TT-142)
a) F(k) is called the Fourier transform of f(z).

b) f(x) is called the inverse Fourier transform of F(k).

c) The necessary and sufficient condition on f(z) is that
I f(2)]? dx be finite.

6. The solution to the generic, free-particle quantum problem is
thus

d(k) = % I f:: U(z,0)e ™ da . (I11-143)

a) A wave packet is a sinusoidal function whose amplitude
is modulated by ¢ (Figure III-3); it consists of ripples
contained within an enwvelope.

b) What corresponds to the particle velocity is not the speed
of the individual ripples (the so-called phase velocity),
but rather the speed of the envelope (the group velocity)
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i

Figure III-3: A wave packet. The envelope travels at the group velocity; the ripples travel at the
phase velocity.

— which, depending upon the nature of the waves, can
be greater than, less than, or equal to the velocity of the
ripples that go to make it up.

c) For a free particle in quantum mechanics, the group veloc-
ity is twice the phase velocity as shown in Eq. (I11-139).

7. But what are the respective group and phase velocities of the
wave packet with the general form

1 +00 .
U(z,t) = —— k) elthe=et) qf; 2 111-144
(0,6) = 7= |, olh)e (I1-144)
a) Here the dispersion relation, that is, the formula for w

as a function of k, is w = (hk?/2m).

b) The amplitude function ¢(k) insures that the integrand in
Eq. (IT1-144) is negligible except in the vicinity of k, (the
position in k-space of the peak value of ¢(k)). As such,
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d)

f)

g)

we can Taylor expand:
w(k) = wo +wi(k — ko) , (TT1-145)

where W/ is the derivative of w with respect to k at point
ko.

Let s = k — k., then

1 oo | /
U(r,t) = —— | T (ks + ) eillho )=t g

(I11-146)
At t =0,
1 +0o0o :
U(z,0) = — ko 4 ) ellhets)e g 11-147
(0,00 = = [, olke+s)emds - (11-147)
and at later times

1 . /
(e 1) = —giwtriot) [

—+00

¢(ko+3) ei(ko—i-s)(:c—wgt) ds .
(IT1-148)

Except for the shift from z to (x — w/t), this last integral
is the same as the one for ¥(z,0), thus

W(z,t) 22 elwelthewel) (g — /'t 0) | (IT1-149)

Apart from the phase factor in front (which won’t affect

|U|? in any event), the wave packet moves along at speed
dw hk

Vgroup = % . = R 3

which is contrasted with the ordinary phase velocity
w  hk

Uphase — E = % .

(I11-150)

(I11-151)

Hence, the group velocity is twice as great as the phase
velocity:

Uclassical — Ugroup = 2 Uphaso . ( I I I' 1 5 2 )
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Example III-6. A free particle has the initial wave function

2

U(z,0) = Ae " |

where A and a are constants (a is real and positive).
(a) Normalize ¥(z,0).

(b) Show that W(z,t) can be written in the form

2 1/4 —axQ/[l—i-(Zihat/m)]
77) V1+

V(@) = <_ (2ihat /m)

Hint: Integrals of the form

/_+OO e~ (@ +02) g
can be handled by “completing the square.” Let y = \/a[x + (b/2a)],
and note that (az? + bz) = y? — (b*/4a).

(c) Find |¥(z,t)|>. Express your answer in terms of the quantity w =
Ja/[l + (2hat/m)?. Sketch |¥|* (as a function of x) at t = 0, and
again for some very large t. Qualitatively, what happens to |¥|? as time
goes on?

(d) Find (x), (p), (z*), (p*), o4, and o,. Hint: You will need to show that
(p?) = ah?, but it may take some algebra to reduce it to this simple
form.

(e) Does the uncertainty principle hold? At what time ¢ does the system
come closest to the uncertainty limit?

a2 [T oaa? 0 a2 | T
1= |A| /OO e dr = |A| ”_2a
A= <_2a>1/4 )

T
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Solution (b):
Using Eq. (III-143), we can write

1 +00 2 . 1 +00 2,
=—A R L) —A/_ e~ (@ HikT) o

¢ (k) Vor ) V2r

Using the substitution variables in the question (i.e., y from the last page
and let b = ik), the integral above as the functional form

—+00 2 —+00 2 2 1
—(ax*+bx) _ —y +(b%/4a) _~_

_ 1 b2 /4a 00 —y? _ T b2 /4a
—%e /_Ooe dy = e . (A)

So,

1 —k?/4a
(2ma)/4 c '

Now using ¢(k) in Eq. (III-140), we can solve for ¥,

1 1 400 2 ; 2
] 1) = —k?/4a _i(kx—hk*t/2m) dk
(z,0) V2 (2ma)l/4 /—oo ¢ ¢

1 1 oo —ﬁ—i-ixk—m
T3 G e & T dk

1 1 TOO g2 Lypinty gk
— 27T (27Ta)1/4/ e [ (4a Qm) ]dk .

—00

—00

At this point, let

1 int
ﬁz( +Z—> and v = —iz .

4a ' 2m

Then making use of Eq. (A) above, the integral in the equation above
becomes

/*OO oW B —iek] gp. /*OO o~ (BE243k) 1.

—00 —00
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7 2
— | /48
5

ﬁ —12/4(ﬁ+@)

= pa— 2m/

/1 iht
4a+2m

Substituting this integral solution into the equation for ¥ above, we get

U(z,t) = ! VT e~ At )
V2 (2ma)t/t L int

4a om

2 1/4 e—axQ/(l—l-Zihat/m)
- (%)

V14 2ihat/m

Solution (c): Let 6 = 2hat/m, then

ot 2a e—axQ/(l—H't?) e—axQ/g—w)
™ (1 +i0)(1—ih)
The exponent is
ax? ax? o(1—i0 +1+10) —2ax?
T (1—i) e (1—d6) 1+62°

and
2a 6—2ax2/(1+92)

T Ja+e)

O =

Or, with w = /175, we get

W]? = \l/gw g2t
m

2 2
1WI° L IWI* 4

x x
t=0 t>0

As t increases, the graph of |¥|? flattens out and broadens, as can be
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seen by examining w (i.e., proportional to the peak of the probability) as

t>0,
[ a a
w =
1+62 1+ ( 27’zat/m)
m
27’zat/m 4h2at2 27’125\/5 '

As t gets very large, w goes to zero.

Q

Solution (d):

o (©.9] 2 2.2
(x) = /+ :z:|\I/|2d:z::/+ | —we ™ dr=[0] (odd integrand)
—00 —00 T
IO
w - m %2 (o]

2 400 2,2 2 1 ™ 1
2\ _ 2 2w x _ —
) = J;w/_ooa:e dx_J;wélwz\/sz_llwz

20
2 - 2 *
Write U = Be ", where B = (2)' L and b= 2. Then
2V d 2
o5 = B(= 2we ") = —2bB(1 — 2ba?) e "
*dz\:[l 2 2\ —(b+b*)z?
Vo = —20|B| (1 — 2b2?%) e~ (b+07)2",
a a 2a
b+b" = = = 2uw? .
* 1+ 1-i0 112 "
2a 1 2
BZ - 2 - _ |Z
BE = \T e\
So
dzl:[l _2 2 —2’(02502
2 2 2 —2w2:c2
(p*) = 2bh°\|—w 1—2b:z: dx
7
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22
But
2
1_i:1_< a‘> 1+6
2?2 1440 2a
B 1_1—i«9_1+i«9_£
N 2 2 2’
SO

(p?) = 2bh22ﬁb = [r% .

The uncertainty for x and p is thus

7 = V@ = @) = |5

and

Solution (e):

1 h
O'xO'p = %h\/azivl%—@z

1 ohat\>
- |1 > =
2J o) 25 v

m

The closest that this system gets to the Heisenberg uncertainty limit oc-
curs at [t = 0], at which time it is right at the uncertainty limit.

G. The Delta-Function Potential.

1. In classical mechanics, there are two distinct states associated
with a particle in a potential field:
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b)

c)

We have just derived the quantum mechanics analogies to these

Bound state: The particle is stuck in the potential well
and oscillates back and forth between the turning points
(a, b) where E =V (a) =V (b), E > V(x),a <z <b, and
E <V(z),forx < a,and x > b (e.g., harmonic oscillator).

Scattering state: F > V(z) on one side of a given point
and F < V(x) on the other side. Then, a particle ap-
proaches the turning point where £ = V from infinity,
then bounces and returns to infinity.

Some potential fields permit both of kinds states.

two states:

a)

b)

d)

A linear combination (i.e., summation) of normalizable,
stationary states of specific energy E, (i.e., infinite po-
tential well, harmonic oscillators) = bound states.

An integral over non-normalizable, continuous values of
k-states (i.e., free particles) = scattering states.

Because of the quantum effect of tunneling (see below),
allows a bound particle to “leak” through a finite potential
barrier, the type of state a particle is actually in is only a
function of the potential at infinity:

{ E <V(—o00) and V(4+00) = bound state

E > V(—o00) or V(+00) = scattering state
(I11-153)

Since most potentials in physics go to zero at infinity, the
criterion is simplified even further:

{ E <0 — bound state (IT1-154)

E >0 = scattering state
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e) Because the infinite potential well and harmonic oscillator
potentials go to infinity as * — Z4oo, they admit only
bound states.

f) Because the free particle potential is zero everywhere, it
allows only scattering states.

3. The Dirac delta function, §(z), gives rise to both kinds of
states and is informally defined as

5@;):{ 0, ifx+#0

. 00
o w0 }, with /_OO d(z)dxr =1.  (III-155)

It is an infinitely high, infinitesimally narrow spike at the origin,

whose area is 1.

a) Technically, it is not a function at all, since it is not finite
at x = 0 (mathematicians call it a generalized function,

or distribution).

b) It can be thought of as the limit of a sequence of functions,
such as rectangles (or triangles) of ever-increasing height
and ever-decreasing width.

c) It is an extremely useful construct in theoretical physics
— in electrodynamics, the charge density of a point
charge is a delta function.

d) Notice that §(z — a) would be a spike of area 1 at the
point a.

e) The delta function interacts with other functions as fol-

lows:
f(x)d(z —a) = f(a)d(x — a), (IT1-156)
because the product is zero anyway except at point a. In
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particular,

[T p@) 6z —ayde = f(a) [ 6(x — a)dz = f(a).
(I11-157)
Under the integral sign, the delta function serves to pick
out the value of f(x) at the point a.

4. Let’s consider the potential of the form

V(x) = —ad(z), (ITI-158)
where « is some constant. The TISE then is
R d%)
—_— —ad = . I11-159

a) This potential yields both bound states (£ < 0) and scat-
tering states (E > 0).

b) In the region x < 0,V (x) =0, so

d? 2mE
_d;f = -y =, (IT1-160)
where
—omE
K= Tm (E < 0). (I11-161)

c) The solution to Eq. (II1-160) is
Y(x) = Ae™ "™ + Be"™, (I11-162)

but the first term blows up as r — —o0, so A must be

Z€ro:
Y(z) = Be™ (x <0). (IT1-163)

d) For z > 0,V (xz) = 0 once again and from the same logic
above (except now ¥ (x) blows up as  — +00), we get

Y(x)=Fe ™ (z>0). (I1I-164)
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P(x)

— —)
X

Figure I11-4: The wave function for a ¢ function potential.

e) We now use the standard boundary conditions for ¢:

1. 1 is always continuous, and
2. diy/dzx is continuous except at points | (I11-165)
where the potential is infinite.

f) In this case, the first boundary condition tells us that
B =F, so

U(x) = { gzix Ei § 83? (I11-166)

The 2nd boundary condition tells us nothing in this case.

g) This solution for the wave function has a discontinuity in
the derivative at x = 0 as shown in Figure III-4. The 9
function must determine the discontinuity in the deriva-
tive of ¢ at x = 0.

i) First, integrate the TISE from —e¢ to €, then take
the limit as € — 0:

_n @dx+ " V(@) p(@)de=E [ (@) de.

—e dx?
(ITI- 167)
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The first term in this equation can be rewritten as

[ e = = @i) dx:/—eed@_i)

dp | dip
— =A(—] . ITI-168
dzr|_. <d33> ( )
The integral on the RHS of the TISE equation

above is zero,

lim [ ¢(z)dz =0, (111-169)

e—0 J—e¢

since this integral is the area of a sliver with van-
ishing width and finite height. As such under these
circumstances, Eq (ITI-167) becomes

A < x) gm / z)dz . (I-170)

ii) The potential energy integral on the RHS of Eq.
(ITI-170) can be determined with the help of Egs.
(IT1-157) and (I1I-158):

[ V@) @) de = [ [~ad(@)] v(x)de
= —« _65(33)¢(33) dx
= —ay(0), (IT1-171)

which is independent of €, hence taking the limit
will not change the form of this solution.

iii) We next need to take the derivative of Eq. (III-
166):
dr | —Bre™™* (x> 0). (I-172)

So, if we let these derivatives get infinitesimally

dy { Bre"™® (x <0),

close to z = 0, we see that

(d/dx)|, = —Bx

(d/ds)| = +Br (IT1-173)
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hence
() - (@) - ()

iv)  Meanwhile ¢(0) = B, so using Egs. (I1I-171) and
(IT1-174) in Eq. (IT1-170) gives

— —2Bk . (I11-174)

2
—2BKk = ——ZL aB
h

or
k= % , (I11-175)
which gives an energy (via Eq. I1I-161) of
hi2 k2 mao?
F=——7—=—7. I11-176
2m 2h° ( )
h) Finally, normalizing v gives:
00 2 . 2 [ _okr ;. |B|2_
[ l@)Pde=2B) [~ e de=""-=1,
(I11-177)
or
B=yi="Y Zw‘ . (11-178)

i) Hence, the delta-function well, regardless of its strength
a, has exactly one bound state:

2
() = x/;’;’b@ e-malel/n’, g _% S| (I1-179)

5. For scattering states with £ > 0 and x < 0, the TISE reads

dz_¢ B _2mE
dz?2 h?

V= —k* (111-180)

where
2mE

nh

e
Il

(E > 0). (I11-181)

ITI-61



b)

d)

The solution to Eq. (ITI-180) is
Y(z) = Ae™ + Be * (1 < 0), (I11-182)

which is a trigonometric function = neither term blows
up.

Similarly for xz > 0,
Y(z) = Fe™ + Ge ™ (2 > 0). (111-183)
Continuity of ¥ (x) at x = 0 requires that

F+G=A+B. (I11-184)

The derivatives are

d , .
d—¢ = ik (Fe™ — Ge™™), for (z > 0)
x
d¢ . ikx —ikx
T = ik (A" — Be™™*) | for (z < 0). (I1I-185)
Let x — 0 on either side of zero, then
dip .
% 4+ = ’Lk(F — G)
fl—i _ = ik(A-B), (IT1-186)

and hence A(dy/dx) = ik(F — G — A+ B).

Meanwhile, 1(0) = (A + B), so the second boundary con-
dition says

2
ik(F—G—A+B) = — Z’;“ (A+B), (IIL-187)
or more compactly
. . mo
F—G=A(1+2ip) — B(1—2i3), where = el
(IT1-188)
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f)

g)

h)

Having imposed the boundary conditions, we are left with
2 equations (i.e., Eqs. 111-184 & I11-188) with 4 unknowns
— 5 if you count k.

i) Normalization won’t help since this isn’t a normal-
izable state.

ii) Remember that the term e** corresponds to par-
ticles propagating to the right in Eqgs. (I11-182 &
I11-183) and e~ to particles traveling to the left.

iii) It follows that A corresponds to the amplitude of
a wave coming from the left, and B is the amplitude
of the wave returning to the left in Eq. (I1I-182).

iv) Likewise, F is the amplitude of the wave traveling
off to the right, and G is the amplitude of the wave
coming in from the right in Eq. (I1I-183).

Let’s insist that in our scattering experiment, we only fire
particles in from the left, then
G =0 (for scattering from the left). (ITI-189)

i) A is then the amplitude of the incident wave.
ii) B is the amplitude of the reflected wave.

iii) F' is the amplitude of the transmitted wave.

Solving Eqgs. (I1I-184) & (III-188) for B and F we get
i3 1
A F =
1—4i3" 1—43

The probability of finding the particle at a specified loca-

B —

A (I11-190)

tion is given by |¥|?, so the relative probability that an
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j)

k)

)

incident particle will be reflected back is

_BF_

B=lap=11p-

(IT1-191)
where R is called the reflection coefficient.

The probability of transmission is given by the transmis-
sion coefficient:
_lFP_ 1

T = —
A2 1+ 327

(111-192)

and, as you can see, the total probability of finding a
particle somewhere is then T'+ R = 1.

In terms of energy

1 1
T = :
1+ (2°°E /ma?) ’ 14 (ma2/2h°E)
(IT1-193)
The higher the energy, the greater the probability of trans-

R =

mission.

This is not the end of the story, however, since this po-
tential gives a wave function that is not normalizable, so
they don’t represent possible particle states.

i) The resolution to this problem is to form normal-
izable linear combinations of the stationary states
(as in the case of the free particle).

ii) However, the math is extremely complicated and
it will not be reproduced here. It is best solved
numerically with a computer.

iii) Since it is impossible to create a normalizable free
particle wave function without involving a range of
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energies, R and 1" should be interpreted as the ap-
proximate reflection and transmission probabilities
for particles in a narrow energy range about E.

m) Note that unlike classical mechanics, having £ < Vjax
will result in 7" > 0 = in quantum mechanics some of
the particles get past the barrier. This phenomenon is
called tunneling.

H. The Finite Square Well.

1. As was introduced for the “free particle” (§IIL.F), the wave func-
tion for traveling waves can always be described by

¢($) — Aeia:c i Be—ia:c .

a) Here, the A-coefficient term corresponds to a wave trav-
eling to the right.

b) The B-coefficient term corresponds to a wave traveling to
the left.

2. Meanwhile, a standing wave is characterized by the following

wave function:
Y(x) = C sin(ax) + D cos(ax) .

Here, the sine and the cosine terms do not have any specific
directional information associated with them, which is easy to
understand since we are talking about a standing wave.

Exercise: Mathematically prove the statement just made about
the directionality about the sine and cosine terms in the equation
above. Hint: Note that

et = cosatisina,

) ezoz_e—zoz

sina¢ = — . and
21
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Scattering States
E>O0

\
W === ———— -
-
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X

©) @ ®

Bound States
E<O

Figure I11-5: The finite square well potential (Eq. I11-196).

e’LOé + 6—10[

cosa =
2

3. With this information in mind, consider the finite square well:

-V, for —a <z <a,
0, for |z| > a,

V(z) = { (I11-194)

where V; is a (positive) constant as shown in Figure III-5.
a) Bounds states will occur when £ < 0 (as indicated by

Regions 1, 2, and 3 in Figure III-5).

b) Scattering states will occur when £ > 0 (as indicated
by Regions 4, 5, and 6 in Figure III-5).

4. Bound States (E < 0) of the finite square well.

a) Region 1: For bound states in the region = < —a,
V(xz) = 0 and the TISE becomes

- T = E¢7 or — — /{2¢ , (111—195)



b)

where

—omE
K= Tm (I11-196)

is real and positive. The general solution is identical to
Eq. (III-149) but, as before, the first term blows up (as
r — —00),s0 A =0 and

Y(x) = Be™, for (x < —a). (I11-197)

Region 2: In the region —a < z < a, V(z) = =V, and
the TISE becomes

B2 42 d21)
EROGUSIR CY 2y, (11198
2m dx? Vo v, or da? v ( )
where
V2m(E +V,)

(= (I11-199)

h Y
hence, £ + V, is the energy that the wave is above the

minimum potential.

i) Although F is negative, for a bound state, it must
be greater than —V,, otherwise, the bound-state
wave function would not be normalizable = as
such, ¢ is also real and positive.

ii) The general solution is

Y(x) = Csin(lx) + Dcos(fx) , for (—a < x < a),
(I11-200)
where C' and D are arbitrary constants.

Exercise: Prove Eq. (111-200) by taking its double derivative
and plugging v and d%¢/dx? back into Eq. (I11-198).

Region 3: For bound states in the region x > a, the
potential is again zero and the general solution has the
form of ¢(x) = Fe " + Ge"* but the second term blows
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d)

Y(x) = Fe ™, for (x> a). (I11-201)

The final solution for the bound states (F < 0) of
the finite square well: Imposing the standard boundary
conditions: v and di/dx continuous at —a and a. Also,
realizing that the potential is an even function, the wave
function will either be odd or even, and we only need to
look at the boundary conditions only on one side (say, at
+a) — the other side is automatic since (—z) = £ (z).
We will do the even solutions here and do the odd solu-
tions in the next exercise (note that the cosine is an even
function, and the sine, an odd function. The even solution
for E < 0 is

Fe ro, for (x > a),
Y(x) =1 Dcos(lx), for (0 <z < a), (I11-202)
Y(—x), for (x < 0).

i) The continuity of ¥ (x), at x = a, says

Fe "™ = D cos({a) . (I11-203)

ii) The continuity of di/dx says

—kFe ™ = —{Dsin(la) . (I11-204)

iii) Dividing Eq. (III-204) by (III-203) gives

k= {tan({la) . (IT1-205)

Since ¢ and x are both functions of E, we can determine
a formula for £ by letting

»=/la, and z = % omv; . (I11-206)
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Figure I11-6: Graphical solution to Eq. (I1I-209) for z, = 8 (even states). Black dots indicate
intersection points.

Then according to Eqs. (I1I-196) and (I11-199), (k?+¢?) =
2mV, /h%, so ka = /22 — 22 and Eq. (I1I-205) becomes

(20/2)> =1 .

i) This is a transcendental equation for z (and hence

tan z = (I11-207)

for E') as a function of 2z, (which is a measure of
the size of the well).

ii) It can be solved numerically by plotting tan z
and /(z./z)? — 1 on the same grid and looking for
points of intersection (see Figure I11-6).

f) Two limiting cases are of special interest:

i) Wide, deep well: If z, is very large, the inter-
sections occur just slightly below z, = nr/2, with
n odd; it follows that

2 2h2
En—f—‘/oN n-im

= (3] (IT1-208)
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e Here, (E, +V,) is the energy above the bottom
of the well.

e On the right, we have the solution for an infinite
square well energies of width 2a, or rather, half
of them, since n is odd.

e So a finite square well goes to an infinite square
well as V, — oo. However, for any finite V, there
are only a finite number of bound states.

ii) Shallow narrow well: As z, decreases, there
are fewer and fewer bound states, until finally (for
2, < m/2, where the lowest odd state disappears)
only one remains.

e Note that there is always, at least, one bound
state despite how weak the well becomes.

5. Scattering States (E > 0) of the finite square well.

a) Region 4: For the scattering (E > 0) states, to the left,
where V(z) = 0, we have

Y(x) = Ae'™ + Be | for (z < —a), (I11-209)

where

2mkE
.
Exercise: Prove Eq. (111-209) by taking its double deriva-
tive and plugging 1 and d?y/dx? back into Eq. (I1-198).
(Remember, V' = 0 here.)

k= (111-210)

b) Region 5: Inside the well, where V(z) = —V%,

Y(x) = Csin(lx) + Dcos(lx) , for (—a <z < a),
(I1-211)
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d)

where

2m(E + V,
=V m(h Vo) (111-212)
Exercise: Prove Eq. (I11-211) by taking its double derivative
and plugging v and d?1) /dxz? back into Eq. (111-198). Explain

why the C and D terms do not correspond to waves traveling

in any specific direction.

Region 6: To the right, assuming no incoming wave from
that region, we have

Y(x) = Fe'* (I11-213)

As described at the beginning of this subsection, in Equa-
tions (I11-209) and (I11-213), A is the incident amplitude,
B is the reflected amplitude, and F' is the transmitted
amplitude of a wave traveling in the vicinity of this finite
square well.

There are 4 boundary conditions for these three equations
(Egs. 111-209, I1I-211, and I11-213):

i) Continuity of ¥(x) at —a gives
Ae~*a 4 Belt® — _C'sin(fa) + D cos({a) .
(IT1-214)
ii) Continuity of dv)/dx at —a gives
ik[Ae="** — Be'*] = ([C cos(la) + Dsin(la)] .
(I11-215)
iii) Continuity of ¥(x) at +a gives

C'sin(fa) + D cos(fa) = Fe'* . (I11-216)
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f)

g)

h)

iv) Continuity of dv/dz at +a gives

([C cos(la) — Dsin(la)] = ikFe™® . (I111-217)

We can use two of these to eliminate C' and D, and solve
the remaining two for B and F:

_ sin(2la) 5
B = i (P = R F, (I11-218)
G—ZikaA

B = os2ia) = ifsin(2ta) jokd] (k2 — ) 1219

The transmission coefficient (T' = |F|*/|A|?) is then

V2

Tl=1+4+-——+"2"r
i AE(E + V)

sin’ <2ﬁa\/2m(E + Vo)> :
(I11-220)

Exercise: Show how Eq. (111-220) results from Eq. (111-219).

Notice that 7" = 1 (i.e., the well becomes transparent)
whenever the argument of the sine is zero, or

2
%WQm(E + V) =nm, (II-221)
where n is any integer.

The energies for perfect transmission are given by

n2ﬂ_2h2

En ‘/o = T A o
e 2a)?

(111-222)

which happens to be precisely the allowed energies for the
infinite square well.
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Example III-7. Analyze the odd bound-state wave functions for the fi-
nite square well. Derive the transcendental equation for the allowed energies,
and solve it graphically. Examine the two limiting cases. Is there always at
least one odd bound state?

Solution:

In place of Eq. (I11-202), we have

Fe r*, for (z > a),
Y(x) =4 Dsin(lx), for (0 <z < a),
—(—x), for (x <0).

Continuity of ¥ (x) gives:
Fe " = Dsin(la) ;
Continuity of dv/dx gives:
—kFe ™ = Dl cos(la) .
Dividing these two gives:

—k = [lcot(la), or
—ka = lacot(la) =

25— 2 = —zcotz,

or

cotz =/(z,/2)2 — 1.
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Wide, deep well: Intersections are
at m,2m, 3w, etc. Energies are the
same as Fq. (I11-208), but now for
n even. This fills the rest of the
states for the infinite square well.

Shallow, narrow well: If z, < 7/2,
there is no odd bound state. The
corresponding condition on V is

242
> 7°h
z Vo, < )
° " 8ma?
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